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Abstract
It is a central goal of theoretical high-energy physics to develop a unified
theoretical framework that describes Nature on all scales. A common approach
to this involves merging quantum theory and General Relativity into a unified
theory of quantum gravity. A theory of this kind has the potential to put
cosmology on firm theoretical footing.
String theory is a promising candidate for a unified theory. The second string
theory revolution in the ’90s has consolidated the role of holography in quantum
gravity in the form of a duality between quantum gravity with anti-de Sitter
(AdS) boundary conditions and Conformal Field Theories (CFTs) defined on the
conformal boundary of AdS. However observations indicate that our universe is
asymptotically de Sitter (dS). Together these developments mean it is important
to understand whether holographic ideas can be developed and used in a dS
context to construct a quantum gravitational model of cosmology.
A central role in quantum cosmology is played by the wave function of the
universe. There are several indications indeed that the application of holography
to cosmology enables a new formulation of the wave function of the universe in
terms of the partition function of Euclidean deformed CFTs defined on the future
conformal boundary. However many fundamental questions about the technical
and conceptual nature of holographic cosmology or dS/CFT remain open. In
this thesis we study and explore a number of features of dS/CFT duality. In
one particular example, AdS/CFT implies an explicit realization of dS/CFT,
which relates Vasiliev’s higher spin theory of gravity to the O(N) vector model
of interacting scalars. This example will serve throughout this thesis as a useful
toy model with which we will explore and test various developments of the
duality more generally.
In the first part of this thesis we develop dS/CFT for Vilenkin’s tunneling
wave function and contrast its behaviour with that of the Hartle-Hawking wave
function. We evaluate the holographic tunneling wave function in the O(N)
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vector toy model in the presence of a mass deformation and compare this with
its behaviour predicted in the usual bulk saddle pont approximation.
In the second part of this thesis we explore the dS/CFT correspondence with
S1×S2 future boundary conditions. In this context it has been argued that the
probability measure is badly defined, both in the O(N) vector toy model and in
Einstein gravity, in the limit where the radius of the S1 goes to zero. We analyze
this using quantum cosmology techniques to elucidate the interpretation of the
wave function in this domain. We show that the divergent behaviour of the
(bulk and boundary) measures occurs in a regime where the wave function does
not describe asymptotically classical, Lorentzian histories and hence admits
no clean probabilistic interpretation. We also exhibit the strikingly different
behaviour of the tunneling and no-boundary wave function in this regime. The
former appears to select this quantum realm whereas the latter predicts the
universe is everywhere in the semiclassical domain.
The third part of this thesis consists of a digression into AdS/CFT. In the bulk
we consider a consistent truncation of M-Theory compactified on AdS4 × S7
consisting of Einstein gravity minimally coupled to a single scalar field with a
negative exponential potential. We numerically find a three parameter family
of new Euclidean solutions of this theory that asymptote to a locally AdS space
with a (double) squashed sphere as conformal boundary configuration. Our
solutions are generalization of the AdS Taub-NUT/Bolt solutions to include a
second squashing and scalar matter. We study their thermodynamic behaviour
as a function of the three boundary parameters and show this qualitatively
reproduces that of the free O(N) vector model defined on a double squashed
sphere and deformed by a mass term.
This sets the scene for the final part of this thesis where we consider complex
generalizations of the above solutions, starting from the same theory, with
asymptotically dS boundary conditions. These specify the saddle point wave
function in a minisuperspace model of anisotropic deformations of dS with scalar
matter driving a regime of eternal inflation. We initiate a holographic exploration
of eternal inflation by computing the partition function of the interacting O(N)
vector model as a function of the three asymptotic parameters. We find that the
amplitude is low for conformal boundary surfaces far from the round conformal
structure. This is in line with general field theory expectations and lends
support to the conjecture that the exit from eternal inflation is reasonably
smooth, producing universes that are relatively regular on the largest scales
with globally finite surfaces of constant density.
Beknopte samenvatting
Het is een centrale doelstelling van de theoretische hoge energie fysica
om een verenigd theoretisch kader te ontwikkelen dat de natuur op alle
schalen beschrijft. Een belangrijk onderdeel hiervan is het unificeren van
de kwantummechanica met de algemene relativiteitstheorie van Einstein, tot
een zogenaamde kwantumzwaartekracht. Een dergelijke theorie heeft ondermeer
de potentie om kosmologie op stevige theoretische basis te zetten. in de jaren
’90, heeft door middel van holografie kwantummechanica zwaartekracht in de
vorm van een dualiteit tussen kwantumzwaartekracht met anti-de Sitter (AdS)
randvoorwaarden en Conforme veldentheorieën (CFT’s) gedefinieerd op de
conforme grens van AdS. Observaties wijzen er echter op dat ons universum
asymptotisch de Sitter (dS) is en niet AdS. Het is een interessant vraagstuk of
de holografische ideeen van AdS ook toegepast kunnen worden op dS ruimtes.
Dit zou dan leiden tot een kwantum-gravitatiemodel van de kosmologie. Een
centrale rol in de kwantumkosmologie wordt gespeeld door de golffunctie van
het universum en zal ook in deze thesis een belangrijke rol hebben.
Er zijn inderdaad verschillende aanwijzingen dat de toepassing van holografie
in kosmologie een nieuwe formulering van de golffunctie van het universum
kan opleveren door middel van andere voorwaarden van de verdelingsfunctie
van Euclidsch-vervormde CFT’s gedefinieerd voor de toekomstige conforme
grens. Veel fundamentele vragen over de technische en conceptuele aard van
holografische kosmologie en dS/CFT blijven echter nog altijd open. In dit
proefschrift bestuderen en onderzoeken we een aantal kenmerken van de dS/CFT
dualiteit. In een specifiek voorbeeld impliceert AdS/CFT een expliciete realisatie
van dS/CFT, welke Vasiliev’s hogere spintheorie van zwaartekracht relateert
aan een O(N) vectormodel interagerende waarmee we verschillende aspecten
van de dualiteit zullen verkennen en testen.
In het eerste deel van dit proefschrift ontwikkelen we dS/CFT voor de
Vilenkin tunneling-en contrasteren het gedrag met dat van de Hartle-Hawking-
golffunctie. We evalueren de holografische tunneling-golffunctie in het O(N)
vii
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vectormodel, in aanwezigheid van een massavervorming, en vergelijken dit met
het gedrag voorspeld in de gebruikelijke benadering van bulkzadel-punten. In
het tweede deel van dit proefschrift onderzoeken we de dS/CFT-correspondentie
met S1 × S2 als toekomstige randvoorwaarden. In dit verband is betoogd
dat de waarschijnlijkheidsmaat slecht is gedefinieerd, zowel in het O (N)
-vectormodel als in de zwaartekrachttheorie, in de limiet waar de straal
van de S 1 naar nul gaat. Wij analyseer dit fenomeen met behulp van
technieken uit de kwantumkosmologie om de interpretatie van de golffunctie
te verduidelijken. We laten zien dat het afwijkende gedrag van de (bulk en
grens) maten plaats vindt in een regime waar de golffunctie asymptotische geen
klassieke, Lorentziaanse, geschiedenissen beschrijft en daarom geen fatsoenlijke
probabilistische interpretatie toelaat. We tonen ook een opvallend anders
gedrag aan van de tunneling en "no-boundary"golffuncties in dit regime. De
eerstgenoemde lijkt het kwantumrijk te selecteren, terwijl dat laatste het
universum voorspelt in een semiklassiek domein.
Het derde deel van dit proefschrift bestaat uit een studie naar AdS/CFT. In de
bulk beschouwen we een consistente truncatie van M-Theory gecompactificeerd
op AdS 4 × S 7 bestaande uit Einstein-zwaartekracht minimaal gekoppeld
aan een scalair veld met een negatieve, exponentiële, potentiaal. Door gebruik
te maken van numerieke technieken vinden we een familie aan Euclidische
oplossingen met drie parameters, die asymptotisch naar een lokale AdS-ruimte
gaan met een (dubbele) geplette bol als conforme grens. Onze oplossingen
zijn generalisaties van de AdS Taub-NUT / Bolt-oplossingen die een tweede
vervorming van de sfeer toelaten, met scalaire materie. We bestuderen hun
thermodynamisch gedrag in functie van de drie familie-parameters en laten zien
dat dit kwalitatief het vrije O (N) -vectomodel reproduceert, gedefinieerd op
een dubbel geplette bol met een massaterm vervorming.
Dit schetst de setting voor het laatste deel van dit proefschrift, waarin we het
een complexe veralgemening beschouwen van de bovengenoemde oplossingen,
uitgaande van dezelfde theorie, met asymptotisch dS randvoorwaarden. Deze
specificeren de zadelpunt-golffunctie in een minisuperspace-model met anisotrope
vervormingen van dS en met scalaire materie dat een regime van eeuwige inflatie
aandrijft. We initiëren een holografische verkenning van eeuwige inflatie door
de verdelingsfunctie van het interagerende O (N) vectormodel te berekenen als
een functie van de drie asymptotische parameters die de familie aan oplossingen
definiëren. We vinden dat de de amplitude laag is voor conforme grensvlakken
ver van de ronde, conforme, structuur. Dit is in lijn met verwachtingen uit
de veldentheorie en geeft steun aan het vermoeden dat de uitweg uit eeuwige
inflatie relatief glad is, en dat er universa geproduceerd kunnen worden die
op grote schaal regulier zijn met globaal eindige oppervlakken van constante
dichtheid.
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Chapter 1
Holography For Cosmology
1.1 Introduction
Our knowledge of the underlying physical mechanisms of Nature underwent a
revolutionary advance in the first part of the last century. Einstein’s theory of
general relativity perfectly describes the behaviour of a weak gravitational field
at large scales. Quantum mechanics describes with an incredible accuracy the
effects of non-gravitational forces on small scales. However one would expect
gravity to behave fundamentally quantum mechanically, with the classical
Einsteinian theory emerging as a limiting case under appropriate circumstances.
There is much evidence that a quantum theory of gravity is needed to describe
our own universe. In 1929 Hubble discovered that the universe is not static,
but is expanding, [1]. Back in time the universe must have been very small, a
point source containing all the matter, a point with an infinite density. From
a theoretical point of view, classical general relativity cannot describe such
scenario. Classical general relativity admits solutions with singularities, but the
Penrose – Hawking singularity theorems state that our universe is geodesically
incomplete in the past if treated classically. General relativity must break down
at least at the Planck time and perhaps more broadly. Hence general relativity
cannot be used to describe the region close to a singularity, and a quantum
model of gravity is needed.
In 1965 Penzias and Wilson accidentally discovered that the entire universe
is filled with a background radiation, [2], a sort of echo of a primordial event.
This radiation is called cosmic microwave background (CMB) and it is an
electromagnetic type of radiation. It is the leftover of an event which occurred
1
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Figure 1.1: The most detailed image of the CMB radiation, released by
Planck, [12, 13, 14, 15]. Different color represent different temperatures. These
fluctuation are the seeds of galaxy and star formations.
at an early phase of the universe. At the very beginning, the universe was
extremely dense and even photons were scattering. In this period the universe
was completely opaque. With the expansion, the temperature cooled down and
the density dropped down. At a certain time, photons were free to propagate.
This period is often referred as surface of last scattering, and the CMB radiation
is the visual image of that event. The CMB is in a certain sense a "relic
radiation", the earliest image of the universe we can have through electromagnetic
radiation. The CMB is almost isotropic everywhere, but there are some tiny,
crucial fluctuations (at the part per million level) seed for the galaxy and star
formations, [3, 4, 5]. Understanding the CMB radiation is therefore of crucial
importance. In the past years, an enormous amount of observations have been
done, improving the definition and the details of this primordial image. Among
these observations, we have to cite the results of: COBE [6], WMAP [7, 8, 9],
ALMA [10, 11], Planck [12, 13, 14, 15], and others [16, 17]. In figure 1.1 we
show the picture of the CMB radiation with the highest definition we have
today, released by the Planck mission in 2013.
The discovery of the CMB posed further questions. In classical cosmology the hot
big bang model successfully describes many, but not all the futures we observe in
the universe. For example, it does not explain flatness, absence of horizons and
the origin of the density fluctuations we observe in the CMB. Theorists suggested
that the universe expanded at an exponential rate at the very beginning. This
model is called inflation and provides a solution to the flatness and the horizon
problem, and one can obtain the spectrum of density perturbation by requiring
that the matter fields started in a particular quantum state [18, 19]. Inflation
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is driven by a quantized scalar field that (slowly) rolls down a potential hill and
stops at a positive minima of the potential which is the cosmological constant we
measure today. Many different types of inflationary models have been proposed
in the past years [20, 21, 22, 23, 24, 25, 26, 27, 28]. We refer to [29, 30, 31, 32]
for a review. Inflation suggests that the universe cannot be originated from
any initial state (i.e. one could choose initial conditions such that inflation
does not occur at all). Understanding the observed state of the universe is
therefore related to the problem of initial conditions. As often occurs, a new
discovery lead to new mysteries. If inflation is eternal, the inflationary phase of
the universe’s expansion lasts forever in different fractal regions of the universe.
Eternal inflation, therefore, produces a hypothetically infinite multiverse, and
only in a small volume of the universe inflation come to an end. Eternal inflation
appears to be generic, [20], and appears to be the likely outcome of inflation,
[18]. If inflation is eternal, whatever can happen, will happen, and it will happen
not only once but an infinite numbers of time, with the only requirement that
the fundamental law of physics are not violated. Classical gravity itself is not
able to describe this scenario, and a quantum gravity theory is needed.
Once we have a model of quantum gravity at our disposal, we need a way
to test it. Quantum gravity effects are expected to be relevant at very high
energy, and we expect to be able to observe these effects directly as we approach
the Planck length (1.62× 10−35m or equivalently 1.22× 1016TeV). The most
powerful high energy particle accelerator (LHC) can probe events at around
14TeV, a scale far smaller to the one needed to directly test a quantum theory
of gravity. A lab on earth is not the only way we might have to test such a
theory. If quantum gravity effects took place during the early phase of our
universe, they might have left a fingerprint on present observations. The early
universe might be the best laboratory (and maybe the only one) where to test
a model of quantum gravity. Understanding the effects of a quantum theory of
gravity in cosmology is therefore of crucial importance. In 2016 the observation
of gravitational waves, [33], opened a new window in this scenario. We cannot
use electromagnetic waves to observe the universe before CMB time, but we
might use gravitational waves to directly observe quantum gravity effects at
an earlier phase of the universe. A quantum gravity theory for cosmology is
therefore fundamental in these days of important observations.
Recently, astrophysicists realized that the universe is expanding at an
accelerating rate. The acceleration is driven by a tiny but crucially positive
cosmological constant Λ ∼ 10−52m−2, [34, 35, 36, 37, 38]. The positivity of the
cosmological constant rises many issues.
These issues do not represent a motivation for a quantum gravity theory, rather
they are problems one needs to face up when dealing with a quantum gravity
model in a universe dominated by a positive cosmological constant.
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The d+ 1 dimensional pure de Sitter (dS) geometry is a maximally symmetric
solution of the Einstein’s field equation with a positive cosmological constant Λ
Gµν = Rµν − 12gµνR+ Λgµν = 0 . (1.1)
The geometry of dSd+1 space can be viewed as the induced metric on the
hyperboloid
−X20 +
d+1∑
i,1
X2i =
3
Λ ≡
1
H2
, (1.2)
embedded in d + 2 dimensional Minkowski space. We can describe dS space
with different coordinate patches, which cover the whole hyperboloid or part of
it.
The so called global patch, is described by the line element
ds2 = −dtˆ2 + 1
H2
cosh2(Htˆ)dΩ2d . (1.3)
A surface of constant tˆ is a three-sphere. The sphere shrinks from a maximum
size at tˆ = −∞, a surface called I−, to a minimum size at tˆ = 0. Then it
bounces to a maximum size at tˆ =∞, a surface called I+. A single observer
cannot access the whole global space. Rather, s/he can only access the region
described by the so called static patch, with metric
ds2 = −(1− r2H2)dtˆ2 + (1− r2H2)−1dr2 + r2dΩ2d−1 . (1.4)
The surface r = 1/H ≡ ldS is a null surface that surrounds an observer at all
times (the cosmological horizon). The coordinate ranges are: r ∈ [0, ldS ] and
tˆ ∈ R.
We show the Penrose diagram of dS space in figure 1.2. The whole square is
covered by the global patch (1.3) only. A physical observer can only access the
quarter of the whole square containing the NP (or the SP). One can use other
coordinate patches, but we do not discuss them here. We refer to [39] for an
exhaustive discussion.
If this expansion persists the fate of our universe might be a cold and "empty"
universe. An observer in the far future would observe a universe governed by
thermal and quantum fluctuations at a Hawking temperature of ∼ 10−29K. The
main source of energy will be the cosmological constant, which today already
constitutes ∼ 70% of the total energy. Obviously no physical person can observe
such scenario, hence what is the meaning of an observer or, more in general,
of any observable in the far future? That is not the only problem. A feature
of the dS universe is the presence of a cosmological horizon, which is observer
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Figure 1.2: Penrose diagram of a dS universe.
dependent. An observer (like us) does not have access to data of the whole
universe (in particular, data outside the cosmological horizon). In particular,
an observer does not ordinarily have access to the spatial slice at infinite future,
I+. The physical meaning of infinite future itself and, more in general, of data
outside the cosmological horizon is a big challenge in theoretical physics (for an
overview we refer to [40, 41]). The mystery persists. A cosmological horizon has
a gravitational entropy which scales as the area of the horizon, S = A/4G, which
is a similar behaviour as the gravitational entropy for black holes, [42]. Can we
have a micro-canonical description of this gravitational entropy? How can we
take into account for the vast number of microstates, 1010120 , coming from the
Gibbons-Hawking entropy [43] of the cosmological horizon? A quantum gravity
description of dS space needs to face up with all these issues. For a complete
review we refer to [39, 44, 45].
Eventually, inflation came to an end, followed by the CMB and the formation
of large scale structures we observe today. A quantum theory of gravity should
admit cosmological solutions that predict a universe originated from a quantum
event and evolved to a classical four-dimensional inflationary Lorentzian universe
which is asymptotic de Sitter space. In short, a quantum gravity theory seems
to be needed, and it must predict the cosmological observations we see in the
classical limit (when the universe expands).
The quantum cosmology program tries to address these questions. In quantum
cosmology one assigns a measure to the likelihood of a boundary configuration at
a given time, which can be related to the outcome of cosmological observations.
6 HOLOGRAPHY FOR COSMOLOGY
The key object of interest in quantum cosmology is the wave function of the
universe,
Ψ[hij(x), χ(x), B] , (1.5)
where hij(x) is the space-like section of the universe on a closed surface B, and
χ(x) is the scalar field 1 configuration on this surface.
The square of the wave function gives a measure, in terms of probabilistic weight
for that particular configuration,
P[hij(x), χ(x), B] = |Ψ[hij(x), χ(x), B]|2 . (1.6)
The value of the boundary fields generically depends on their location on
the entire manifold, whose coordinates are denoted by x. The space of all
the possible values of the boundary geometry and matter field configurations
(hij(x), χ(x)) is called superspace. The superspace can be thought of the
space where the classical dynamics take place, it is infinite dimensional but
with a finite number of coordinates (hij(x), χ(x)) at every point x on the
boundary-surface.
Superspace is an infinite dimensional configuration space, so the full formalism
is extremely challenging. A more practical way to proceed is to reduce the
superspace to a finite-dimensional space, i.e. if we consider only those fields that
are homogeneous. This reduced version of superspace is calledminisuperspace.
This restriction is achieved by setting most of the field modes and their momenta
to zero. In this way we exclude many geometries that might give a non-
trivial contribution. We should not think to a minisuperspace model as an
approximation of the full theory, but rather as a toy model that shares some
aspects of the full theory. We study certain features of the full theory in isolation
with the rest.
To determine (1.5), we need three elements: initial conditions, dynamics and
interpretations. The equations the wave function must satisfy admit more
solutions, and we need to impose initial conditions by hand to specify only
one. To evaluate the wave function we need to consider a dynamic theory of
gravity which describes the dynamic of the universe. Finally, we need a scheme
to interpret our results and find what type of universe is predicted by the wave
function.
The outline of this chapter is as follows. In section 1.2 we introduce the
equations the wave function must satisfy, we discuss semiclassical solutions and
the different proposals of boundary conditions which lead to different measures
and different predictions. In section 1.3 we review the wave function approach
to the dS/CFT correspondence. We provide an alternative way to compute the
1One can also consider vector fields configurations, [46].
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full cosmological measure (1.6). In section 1.4 we discuss what is the outcome
of the wave function. We will describe how classical solutions emerge from the
quantum theory and what we interpret as a prediction. In section 1.5 we give a
list of results that were already known and provided a motivation for this thesis
work. Finally, in section 1.6 we give an outline of the remainder of the thesis.
1.2 A Semiclassical Cosmological Measure
In this section we will describe the equations that the wave function must satisfy,
and we will discuss semiclassical solutions. In short, we review the formalism of
quantum cosmology. We refer to [47, 48, 49, 50, 51, 52, 53] for an exhaustive
discussion.
In minisuperspace model2 the wave function is a solution of the quantum version
of the Hamiltonian constraint of general relativity, which can be obtained by
generalizing the Dirac quantization procedure to minisuperspace models,
HˆΨ(qA) =
(
−12GABpˆi
ApˆiB + U(qA)
)
Ψ(qA) ≡ (−∇2 + U(qA))Ψ(qA) = 0 ,
(1.7)
where we have collected the coordinates qA ≡ {hij(x), χ(x)}, with A = 1, 2.
The superpotential is
U(q) =
√
h
(−3R+ 2Λ + V (χ)) , (1.8)
and the momenta are defined as
pˆiA = −i δ
δqA
. (1.9)
while GAB = G(ij)(kl), with
Gijkl = h−
1
2 (hikhjl + hilhjk − hijhkl) . (1.10)
The boundary Ricci scalar 3R is evaluated on the surface hij , and V (χ) is the
potential of the asymptotic scalar field profile χ. Equation (1.10) provides a
metric on superspace and Gijkl is called the deWitt metric, [52]. GAB provides
a metric on minisuperspace.
Some important properties of this metric are
2In superspace models there is also a second constraint, called momentum constraint. In
minisuperspace this constraint is automatically satisfied by the minisuperspace ansatz.
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• the signature of the deWitt metric is independent of the signature of
spacetime;
• the signature of the deWitt metric is hyperbolic at every point x.
The latter property arises from the fact that the coefficient of the momenta
in the Hamiltonian constraint (1.7) is regarded as a metric of a 6-dimensional
hyperbolic Riemannian manifoldM. When hij is positive definite (as it is for
a spacelike hypersurface)M has the hyperbolic signature −+ + + ++. This
property was pointed out by deWitt himself in [52].
Equation (1.7) is called Wheeler-deWitt (WdW) equation, and it is the quantum
version of the classical constraint of general relativity. It reminds the zero-energy
Schröedinger equation of ordinary quantum mechanics. The WdW equation
(1.7) describes the dynamic of the wave function in minisuperspace. The volume
of the three-metric
√
h is the label of time in the superspace coordinates 3.
The minisuperspace metric GAB depends on qA. This leads to an operator
ordering issue in the kinetic term and in (1.7) a particular choice was made.
The superspace metric has indefinite signature and the potential term in (1.7) is
not positive definite. We have to consider generically complex functional Ψ(qA)
to solve (1.7).
In quantum mechanics one can find approximate solutions to the Schröedinger
equation, [54, 55]. One needs to expand the wave function as a power series
in ~ and to solve the Schröedinger equation order by order. The procedure is
called WKB approximation, and can be generalized to minisuperspace models
[56, 57].
We expand the wave function as a power series in ~, and we keep track of
its real and imaginary components. To simplify the notation we collect the
minisuperpsace coordinates, q ≡ qA. We look for WKB solutions in the form
Ψ(q) = e−IR(q)/~+iS(q)/~ +O(~−2) , (1.11)
where IR and S are real. We use the wave function (1.11) in equation (1.7).
The result is a set of two equations,
−12(∇IR)
2 + 12(∇S)
2 + U(q) = 0 ,
∇IR · ∇S = 0 .
(1.12)
3It corresponds to the minus sign in the hyperbolic signature of the superspace metric.
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Solutions to the first equation clearly depends on the sign of U(q). In the region
of minisuperspace where U(q) > 0 we have WKB solutions in the form
Ψ(1)± (q) = exp
(
±1
~
∫ q√
U(q′)dq′
)
. (1.13)
When U(q) < 0 we have WKB solutions in the form
Ψ(2)± (q) = exp
(
± i
~
∫ q√
−U(q′)dq′ ∓ ipi4
)
, (1.14)
where the last term arises from the Airy function and it is needed to match the
two approximate results in the proximity of U(q) = 0.
In the first regime the wave function (1.13) shows an exponentially decaying (or
growing) behaviour. In ordinary quantum mechanics this regime is related to a
quantum behaviour of the wave function (i.e. the tunneling through a potential
barrier). The region of minisuperspace where the wave function shows this
behaviour is called classically forbidden region. In analogy with quantum
mechanics the wave function of the universe is also tunneling through a potential
barrier, U(q), and in this regime quantum effects are considered non-negligible.
When U(q) < 0 the wave function (1.14) shows an oscillatory behaviour. In
quantum mechanics an oscillatory wave function is related to a classical regime.
Further, if
|∇S|  |∇IR| , (1.15)
is satisfied, the wave function oscillates with an almost conserved amplitude.
The condition (1.15) is called classicality condition, and it is of central role in
quantum cosmology. The wave function (1.11) shows a classical behaviour when
is in the form e±iS(q).
Mathematical consistency alone does not lead to a unique solution of the
Wheeler-deWitt equation, as deWitt himself pointed out already in 1967, [52].
Unfortunately, though many progress have been done, this is still an open
question. One needs to specify boundary conditions that selects only one of
the possible solutions. That is, we choose only one wave function from the
many that the dynamic allows. Many proposals have been advanced in the
past years, mainly guided by analogies with ordinary quantum mechanics,
simplicity, naturalness and predictions in line with experimental data. With
the advancement of our knowledge and mathematical techniques, we hope that
one day the theory alone will select only one solution as the only wave function
that better describes our own universe. In this thesis work we will explore this
question from an holographic prospective, but now we first review the two main
proposals of initial conditions.
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1.2.1 Tunneling Wave Function
A proposal for the wave function of the universe was postulated by Vilenkin
[56, 57]. In his point of view the quantum origin of the universe is similar to a
tunneling event in ordinary quantum mechanics.
In ordinary quantum mechanics one can expand solutions to the Klein-Gordon
equation in terms of mode functions eip·x. These modes can be classified as
positive or negative frequency mode in respect to the timelike Killing vector
−i∂/∂t. The solutions are eigenfunctions of this Killing vector and we can
classify the solutions by looking at the sign of the eigenvalues. Negative and
positive frequency modes are related to the sign of the timelike component, J0,
of the conserved current,
J = i2 (Ψ
∗ 5Ψ−Ψ5Ψ∗) , 5 · J = 0 . (1.16)
In an analogous manner, Vilenkin tried to classify the solutions of the WdW
equation. A similar definition is immediately problematic. A mathematical
property of superspace is that it has no Killing vectors at all, so that positive
and negative frequency mode cannot be defined in this way. Nevertheless, we
can make progress if we restrict ourselves to certain regions of superspace such
as when we are close to its boundary. The boundary of superspace consists of
configurations that are in some sense singular. This includes regions where h1/2
is zero or infinite, or where χ or (∂iχ) are infinite. The boundary consists of
regions where the four-geometry is also singular and regions where it is regular.
For example, at the north or south pole of a four sphere h1/2 vanishes while
the four geometry is perfectly regular but, when h1/2 is infinite also the four
geometry is infinite. We can divide the boundary in two regions. The part
of the boundary where the four-geometry is regular is called the non-singular
boundary of superspace. The part of the boundary where the four-geometry is
singular (i.e. when h1/2 is infinite) is called the singular boundary.
If the wave function is oscillatory close to the singular boundary one expects
solutions to the WdW equation to be well approximated by the WKB modes
(1.14). For each mode we can define a current
J = −|C|2∇S , (1.17)
where |C| is related to the amplitude of the wave function. This mode is defined
to be outgoing at the boundary if −∇S points outwards there, while it is defined
to be ingoing if −∇S points inward.
Vilenkin’s proposal for the Tunneling wave function ΨT can be summarized as :
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ΨT is the solution to the WdW equation that is bounded everywhere and consists
solely of outgoing modes at singular boundaries of superspace.
In this way we select only one WKB solution in (1.14). We take a linear
combination of the two WKB modes in (1.13) and we define the Tunneling wave
function as, [56, 57],
ΨT |U(q)>0(q) = Ψ(1)+ (q)−
i
2Ψ
(1)
− (q) , (1.18)
and
ΨT |U(q)<0(q) = Ψ(2)− (q) . (1.19)
The second term in (1.18) is negligible except in the proximity of the region
where U(q) ∼ 0, [57].
A mode that is outgoing to the boundary of superspace describes an expanding
universe. Hence, the Tunneling wave function cannot describe data located I−.
Vilenkin definition can be viewed as the analogue of the propagator in ordinary
quantum mechanics. The propagator of the wave function can be regarded as
a Lorentzian functional integral, with weight eiSL , where SL is the Lorentzian
action. Schematically the Tunneling wave function can be defined as a Lorentzian
path integral
ΨT (hij(x), χ(x), B) =
∑
M
∫
DgµνDΦeiSL(gµν,Φ)/~ . (1.20)
In this case one needs to consider a class of Lorentzian four metrics gµν . The
Lorentzian action for this model is
SL =
1
2κ
∫
M
d4x
√−g ((R− 2Λ)− (∇Φ)2 − 2V (Φ))+ 1
κ
∫
∂M
d3x
√
hK ,
(1.21)
where κ = 8piG and where h and K are respectively the induced metric on the
asymptotic boundary and its extrinsic curvature, and where we have rescaled
the scalar field. The wave function defined in this way is not a solution to the
whole WdW equation, rather it should be regarded as the Green function of
the WdW operator [56, 57]. The Tunneling wave function in the semiclassical
approximation can be written as
ΨT [q] ≈ 2 cosh[IR[q]/~]exp(iS[q]/~) , (1.22)
where IR and S are respectively the real and the imaginary parts of iSL, with
SL given in (1.21).
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1.2.2 No-Boundary Wave Function
Hartle and Hawking, in their original paper [58], provided a definition for the
no-boundary measures in terms of a path integral. In quantum field theory the
ground state can be defined in terms of a Euclidean path integral. In a similar
way they defined the wave function of the universe as a Euclidean path integral,
over four-geometries and field configurations, with weight e−IE , where IE is the
Euclidean action. Schematically, the no-boundary wave function is defined as
ΨHH (hij(x), χ(x), B) =
∑
M
∫
DgµνDΦe−IE(gµν ,Φ)/~ . (1.23)
The sum is over a class of four-manifolds M for which ∂M is part of their
boundary, and over some class of euclidean four-metrics gµν and matter field
configurations Φ which induce the three-metric hij and matter field configuration
χ on the boundary. In this thesis work we consider four-dimensional Einstein
gravity minimally coupled to a scalar field in a given potential. The Euclidean
action for this model is
IE = − 12κ
∫
M
d4x
√
g
(
(R− 2Λ)− (∇Φ)2 − 2V (Φ))− 1
κ
∫
∂M
d3x
√
hK .
(1.24)
We write the line element of a closed three-geometry as
hijdx
idxj = b2h˜ijdxidxj , (1.25)
where the volume of h˜ij is fixed to be one and b plays the role of a scale factor
and is real. Superspace is therefore spanned by b and h˜ij(x), and the boundary
configuration χ(x) of the scalar field Φ. Thus Ψ = Ψ(b, h˜ij , χ).
The Hartle-Hawking prescription is to set the initial three-surface volume hij to
zero, ensuring the closure of the four-geometry, and the regularity of the fields.
The no-boundary proposal naturally selects only one mode in (1.13). Hartle and
Hawking required that the wave function is at a minima when the three-surface
volume is zero and it grows exponentially in the classically forbidden region. In
terms of WKB modes the no-boundary wave function can be defined as,
ΨHH |U(q)>0(q) = Ψ(1)− (q) , (1.26)
and
ΨHH |U(q)<0(q) = Ψ(2)+ (q) + Ψ(2)− (q) . (1.27)
In the classically allowed region the no-boundary wave function consists of
a linear combination of two complex conjugated WKB modes. Hence, the
Hartle-Hawking wave function is real.
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In the path integral quantization one can construct semiclassical solutions by
following the path that extremize the actions (1.24). These have to be complex
in order to have a convergent path integral and to have an oscillatory wave
function and a classical behaviour. The prescription is to consider complex
saddle point of the action, described by the line element
ds2 = σ2
(
N2(λ)dλ2 + a2(λ)dΩ23
)
, (1.28)
where σ2 = 2G/(3pi) = κ/(12pi2) is a normalization factor, chosen for later
convenience. In this thesis work we will work in units where κ = 1. We locate
the South pole at λ = 0 and the boundary of the manifoldM at λ = 1, where
the scale factor matches a real boundary value b = a(1), and the scalar field
matches the real boundary value χ = Φ(1). The coordinates λ and xi are real,
while N , a and Φ are complex functions. Variation of the action with respect
of N(λ) leads to the Hamiltonian constraint, while variations of it with respect
of the fields lead the equation of motion for a(λ) and Φ(λ). Different choices of
N(λ) give different representations of the same saddle point. It is convenient to
introduce the function τ(λ) defined as
τ(λ) ≡
∫ λ
0
dλ′N(λ′) . (1.29)
In this way different choices of N(λ) are equivalent to different contours in the
complex τ plane. A contour starts from the SP at λ = τ = 0 and ends at the
boundary λ = 1 with τ(1) ≡ v. Each contour that connects τ = 0 to τ = v is
therefore a different representation of the same complex saddle point. In terms
of τ the geometry is
ds2 = σ2
(
dτ2 + a2(τ)dΩ23
)
. (1.30)
The scale factor a(τ) and the scalar field Φ(τ) are solutions of the equations of
motion
a˙2 + 1−H2a2 − a2Φ˙2 − 2a2V = 0 ,
Φ¨ + 3 a˙
a
Φ˙ + dV
dΦ = 0 .
(1.31)
Solutions are the functions a(τ) and Φ(τ) in the complex τ -plane. We consider
the contour C(0, υ) which connects the SP at τ = 0 to a point υ where a(υ)
and Φ(υ) take the real values b and χ respectively. For any such contour the
on-shell action is given by
IE =
3pi
2
∫
C(0,υ)
dτa
[
a2
(
H2 + 2V (Φ)
)− 1] . (1.32)
14 HOLOGRAPHY FOR COSMOLOGY
The asymptotic behaviour of the fields is better understood if we introduce
the variable u ≡ e−Hτ ≡ e−H(y+iz). In term of this variable, the large volume
regime corresponds to the large y limit. The asymptotic behaviour of the fields
can be written in powers of u,
a(u) = c
u
[
1 + u
2
4c2H2 −
3
4 α˜
2u2δ− + · · · − 2m
2α˜β˜
3H2 u
3 + · · ·
]
, (1.33)
Φ(u) = uδ−(α˜+ α˜1u+ · · · ) + uδ+(β˜ + β˜1u+ · · · ), (1.34)
where δ± ≡ 32 ±
√
9
4 − m
2
H2 . This factor is real if 0 ≤ m2 ≤ 9H2/4. This
is called the Strominger bound and is a generalizations to dS space of the
Breitenlohner-Freedman bound in Anti-de Sitter space, [59, 60].
The complex asymptotic solutions are locally determined in terms of the
argument of the wave function, i.e. the ‘boundary values’ c2γij and α˜, up
to the u3 term in (1.33) and to order uδ+ in (1.34). The further coefficients in
the expansions encode information about the detailed physics of the matter
(the shape of the potential), the interior of the saddle point geometry and the
boundary condition of regularity at the SP. We now use this complex asymptotic
structure to identify and relate two different geometric representations of the
saddle points.
dS Representation
A classical real configuration corresponds to a curve in the complex τ plane
where both the scale factor and the scalar field are real. The location of these
curves can be seen from the asymptotic expansions (1.33) and (1.34), which to
leading order in u can be written as
a(u) = c
u
= |c|eiθc+iHxT+Hy , Φ(u) = α˜uδ− = |α˜|eiθα−iδ−HxT−δ−Hy ,
(1.35)
where c, α˜ are constants not determined by the asymptotic equations. The
asymptotic form of the solution (1.35), is called Starobinski expansion [61], and
is the dS analogue of the Fefferman-Graham expansion in a AdS background,
[62, 63].
The fields are real along the curve
xT = −θc
H
= θα
δ−H
. (1.36)
The existence of such a tuning and its compatibility with the regularity condition
does not follow from this analysis, and in general it is not guaranteed that these
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Figure 1.3: Different contours in the complex τ plane leading to different
representations of the complex saddle points.
types of saddle points actually exist. It will highly depend on the choice of the
scalar field potential and on the initial values of the fields at the SP. In [64]
authors describe different sets of initial conditions for the fields that admit the
tuning (1.36), and other sets where this does not occur.
An example of this contour is provided by the contour CD in Fig. 1.3.
Along the x = xT curve we have
ds2 ≈ −dy2 + |c|2e2HydΩ23, Φ ≈ α˜e−δ−Hy. (1.37)
Hence, along this contour, y acts as a time coordinate and the metric represents
an asymptotic Lorentzian de Sitter universe with a slowly decaying scalar field
profile. The asymptotic contribution to the saddle point action is given by the
integral (1.32) along the curve x = xT . It is immediate that there will be no
contribution to the amplitude of the wave function from this part of the contour:
the integrand in (1.32) is real as dτ = idy. Instead, this part of the contour
yields a large negative contribution to the phase of the wave function, required
for classicality. Thus ΨHH oscillates rapidly with an approximately constant
amplitude and describes an expanding, inflationary history.
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In the neighbourhood of the SP at τ = 0 the saddle point solutions take the
form
Φ(0) ≈ φ0eiθ, a(τ) ≈
coth
[√
VΛ(φ0)τ
]
√
VΛ(φ0)
, (1.38)
where VΛ = V + Λ. If we consider xT ≈ ipi/(2
√
VΛ(φ0)) and if we define a
contour CD that first runs from τ = 0 to τ = xT along the x-axis and then
along the y-axis we get a geometric representation of the saddle points in which
an approximately Euclidean four sphere is smoothly joined onto a classical,
expanding Lorentzian dS universe. This dS representation is illustrated in Fig
1.3.
The action integral over the Euclidean regime determines the amplitude of the
corresponding classical history and is approximately given by [57]
IR ≈ − 3pi2VΛ(φ0) . (1.39)
We can only write this explicitly in terms of the minisuperspace coordinates,
when an analytic solution is known along the entire contour. For example when
the scalar field is relatively small at the SP and moves in a quadratic potential
we have the analytic solution [64],
Φ = χ 2
F1[δ−, δ+, 2, (1 + i sinhHτ)/2]
2F1[δ−, δ+, 2, (1 + i sinh[cosh−1(Hb)])/2]
, (1.40)
where 2F1 is the hypergeometric function. This specifies a relation φ0 = Cχbδ− ,
where C is a constant which depends on H, δ− and δ+ . In this case the
amplitude of the wave function is given by
IR ' 3pi2H2 −
3pim2|C|2χ2b2δ−
2H4 +O(χ
4). (1.41)
To find the measure, we split the extremizing actions (1.24) into a real IR, and
imaginary S, components. On the extremizing path, the Hartle Hawking wave
function can be written as, [65],
ΨHH [q] ≈ 2exp[−IR[q]/~] cos(S[q]/~) . (1.42)
In the classical regime the wave function consists of two modes, one ingoing and
the other outgoing the boundary of superspace, and IR independent on q and
given by (1.41). These modes describe respectively a contracting and expanding
phase of the universe. The no-boundary wave function naturally have access to
data both at I+ and I−.
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AdS Representation
The dS representation is not the only useful representation of the saddle points.
The saddle point action is given by the integral (1.32) and can be evaluated
along any contour C(0, υ) connecting the SP to the endpoint υ. Consider now
the contour CA shown in Fig. 1.3. This contour gradually moves away from the
CD as the scalar field rolls down the hill. For large values of y the two contours
are separated asymptotically by pi/(2H). At the point υa it turns and runs
horizontally towards the endpoint υ. This contour has the same endpoint υ,
the same action, and makes the same predictions as CD, but the saddle point
geometry is different. The fact that the two contours are shifted by pi/(2H)
implies that, along CA, the asymptotic behaviour of the field can be obtained
from (1.35) by replacing u with −iu. Since a was real along the xT curve it
will be imaginary along the xT − pi/(2H) curve, and therefore the asymptotic
behaviour of the scale factor along CA can be obtained from (1.35) by replacing
a(u) with ia(u). Along the CA the asymptotic form of the metric (2.5) is
ds2 ≈ −dy2 − |c|2e2HydΩ23, (1.43)
and the asymptotic form of the scalar field is
φ(y) ≈ |α˜|e−iδ−Hpi/2e−δ−Hy ≡ αe−δ−Hy. (1.44)
The behaviour of the fields along this part of the contour resembles the form of
the asymptotic solutions in an AdS background which is given by the Feffermann-
Graham expansion, [62, 63]. The saddle point geometry along this part of the
contour is that of an asymptotically AdS, spherically symmetric domain wall
with a complex scalar field profile in the radial direction y. The negative
signature means that, along this part of CA, the action (1.32) acts as that of
Einstein gravity coupled to a negative cosmological constant −Λ and a negative
potential −V , which explains why the AdS behaviour emerges. Eq. (1.44)
shows that the asymptotic phase of the scalar field along CA of the contour is
universal and determined by the boundary condition that it is asymptotically
real along the xT curve.
In figure 1.4 we give a visual image of the two different representations of the
complex saddle point.
Along the AdS contour, the action (1.24) is minus the action of Euclidean AdS,
and therefore contains the usual diverging term due to the infinite volume of
AdS space. In standard AdS/CFT usually one adds specific counterterms to
extract the finite regular part, [66]. The counterterms are expressed in terms of
the boundary geometry hij , and the boundary scalar field χ, and are given in
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Figure 1.4: deSitter (left) and Anti-deSitter (right) representation of the complex
saddle points.
four dimensions by
Sct = −
∫
∂M
d3x
√
h(2 +
3R
2 +
χ2
2 +O(χ
3)) , (1.45)
where 3R is the Ricci scalar evaluated on the boundary geometry hij . We
clearly have
Ia(0, va) = −IregDW + Sct +O(e−Hya) , (1.46)
where −IregDW is the constant contribution to the action as the boundary is
pushed to infinity, and it is equivalent to the regularized domain wall action
typical of AdS/CFT.
The contribution to the saddle point action from the horizontal closing of the
contour regulates the divergences. This follows immediately from the fact that
the amplitude of ΨHH along the horizontal part of the dS contour tends to a
constant. Therefore, the contribution from the horizontal closing of the contour
must cancel the divergences appearing along CA, and it must provide the phase
of the wave function. Therefore, we must have
Re[Ih(va, v)] = −Sct +O(e−Hya) , (1.47)
and so
Re[I(v)] = −IregDW (va) , (1.48)
hence,
I(v) = −IregDW + iSct(v) +O(e−Hya) . (1.49)
To summarize, the real part of the action evaluated over complex dS saddle
points is equal to the regularized AdS action. Further, the horizontal part of
the contour regulates the volume divergences of AdS space and provides the
phase needed for classicality.
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Figure 1.5: Qualitative behaviour of the tunneling wave function ΨT (left) and
the Hartle-Hawking wave function ΨHH (right). The blue dashed curve shows a
slice of the superpotential U in the presence of a positive cosmological constant.
1.2.3 No-Boundary Vs Tunneling
There are many qualitative and quantitative difference between the two proposals.
A representative behaviour of the two wave functions is depicted in figure 1.5,
where we considered the no-scalar field case. In this case the superspace is
one-dimensional spanned by the coordinate b and the wave function is a function
of b only.
When we introduce a scalar field, we can see from equation (1.39) that the
no-boundary wave functions predicts higher probability for histories with a
smaller potential, so with lower amount of inflation. This is in contrast with
observations which suggest around sixty e-folds of inflation. Nevertheless, if
we sum only over histories that contain our observational data at least once,
we get a shift of the peak of the probability and the wave function predicts a
sufficient amount of inflation, [67]. In contrast, the Tunneling wave function
appears to be peaked around larger potential, and therefore naturally favours
inflationary models.
1.2.4 Issues
As we have discussed above, the equations that specify the dynamic of the wave
function in superspace admit more than one solution, and one needs to select
only one by imposing initial conditions. The full cosmological measure specified
by the Tunneling wave function or the no-boundary wave function are defined
respectively in (1.20) and (1.23).
Once we have specified the measure, there are further issues. The sum over
four manifolds is already difficult to define, and one usually considers each
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admissible four-manifold separately. Further, the gravitational action is not
bounded from below. The path integral does not converge if integrated over real
Euclidean or Lorentzian metrics. To achieve convergence one needs to integrate
over complex four-metrics gµν . In this sense, even the terms "Euclidean" or
"Lorentzian" are not properly correct, since they refer to complex geometries.
The relation between the two wave functions is more subtle than a simple Wick
rotation. We need to refer to (1.23) and (1.20) as two distinct objects, with
different properties and therefore different predictions, which provides different
probability measures for a given boundary configuration. An other issue is that
the outcome of the path integral highly depends on the choice of the end-points
in the complex plane.
So far we have specified solutions at the semiclassical level only. To uncover the
mysteries of eternal inflation, we need a way to compute the full cosmological
measure, in the hope that a theory of quantum gravity provides a smooth
exit from eternal inflation, with a finite a reasonably smooth universe as the
outcome. We will discuss this at the end of this thesis, while now we provide
an alternative way to compute the full cosmological measure.
1.3 Beyond Semiclassicality: A Holographic Cos-
mological Measure
At the end of the last century, theorists realized that a property of string
theory, and a supposed property of quantum gravity, is that the description of a
volume of space can be thought of as encoded on a lower-dimensional boundary
of the region. This idea is named "holographic principle" and was proposed
originally by ’t Hooft, [68], and subsequently Susskind gave a precise string
theory interpretation, [69]. A first concrete example of this duality was proposed
in 1997 by Maldacena [70], who conjectured that a gravity theory in d + 1-
dimensions, defined on AdS space, can be described in terms of a Conformal
Field Theory which lives on the d-dimensional boundary. In particular, he
showed that N = 4 Super Yang Mills, with a SU(N) gauge group, in four
dimensions is dual to string theory in Euclidean AdS5 × S5. A year later,
Witten elaborated this idea and proposed a precise correspondence between
field theory observables and those of supergravity, [71].
The AdS/CFT correspondence specifies how the parameters on the two sides
of the duality are related to each other. On the string theory side we have
two dimensionless parameters, the string coupling gs and the curvature scale in
string units, lAdS/ls, where lAdS =
√−3/Λ and ls is the string length. On the
gauge theory side we have the rank of the gauge group, N , and the Yang-Mills
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coupling gYM . The relation between these quantities is given by
lAdS
ls
= (4pigsN)1/4 =
(
g2YMN
)1/4
. (1.50)
There is an interesting limit, known as ’t Hooft limit, when we consider N →∞
while keeping g2YMN ≡ λ fixed. The solutions describe classical gravity when
lAdS is large in string units, which translates to λ  1 or, in other words, a
strongly coupled field theory. On the other hand, stringy corrections of the
geometry become important when lAdS is very small in string units, which
translates to λ 1 (a weakly coupled dual field theory).
Further, a normalizable bulk field in AdS which falls off as shown in Eq. (1.44),
corresponds to an operator O with scaling dimension 32 −
√
9
4 + l2AdSm2, and
with expectation value < O >= α. When the mass of the bulk scalar field is
m2 = −2/l2AdS , then the scaling dimension of the dual operator and its vacuum
expectation value are integers, respectively one and two.
The statement that the gravitational and the field theory are equivalent is better
understood in terms of the equivalence between the partition functions of the
two theories,
ZO[h˜ij , α]QFT = ZAdS [h˜ij , α] . (1.51)
The power of this correspondence is that it is a weak/strong duality, as we have
discussed above. One can study a weakly coupled field theory (where we do
have control of calculations) to get information about a strongly coupled gravity
theory and vice versa. For example, if we consider the gravity theory in the
semiclassical approximation (i.e. large N limit of the duality), the dictionary
reduces to
ZO[h˜ij , α]QFT ≈ e−I
reg
DW
[h˜ij ,α]/~ . (1.52)
The opposite is also true. A weakly coupled field theory can be regarded as a
strongly coupled gravity theory, i.e. which includes quantum gravity effects.
This duality is very well understood in bulk theories whose background is
AdS. There are many reasons why this is the case. String theory more directly
describes AdS geometries in the holographic limit, and more elaborate techniques
need to be employed to uplift the AdS vacuum to dS. An other reason is that
AdS has only one spacelike boundary where the dual theory might live.
Observations suggest that we live in a universe with a positive cosmological
constant. Therefore it is natural to ask whether the holographic principle can
be extended and understood in gravity theory whose background is dSd+1. This
is not an easy task, since many problems arise immediately. First of all, dS
space has two timelike boundaries. A second issue is that dS space has an event
horizon. A physical observer in this space is not able to see the entire universe,
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in particular does not have access to the entire boundary. Any known attempt
to incorporate de Sitter space in string theory leads to a deSitter space which is
metastable [72, 73, 74, 75, 76]. If so, there might not be any future boundary
at all. One of the key questions for asymptotically dS universe is whether we
can define precise observables encoded on its boundary, [77, 78].
Many argued that there might not exist any dS/CFT correspondence after all and
that this might be a fundamental property of string theory. Other theorists tried
to derive the dS/CFT correspondence from string theory, employing different
types of dualities, [79, 80]. Any attempt to define the dS/CFT correspondence
has to do with some sort of derivation from the better known AdS/CFT
correspondence.
In this way we can use standard AdS/CFT, deformed by complex operators,
to evaluate the probability measure for a classical Lorentzian dS history. The
dictionary can be written schematically as
ΨHH [hij , χ] =
1
ZQFT [h˜ij , α]
exp (iSct[hij , χ]/~) , (1.53)
where the sources h˜ij , α are locally related to the asymptotic behaviour of the
fields along the AdS part of the contour in Figure 1.3. To make the comparison
more explicit one can write the wave function (1.5) in terms of the asymptotic
variables α or β. The procedure is similar to the Fourier transformation of
ordinary quantum mechanics, and the results can be found in the Appendix
A.1. For more details we refer to [81].
The duality (1.53) has been shown to be valid at the semiclassical level only, but
it has been conjectured to be valid also beyond the saddle point approximation.
If that is the case, and if we have a model where the AdS/CFT dual is known
explicitly, we might have a concrete realization of the dS/CFT duality which
provides an alternative way to compute the full cosmological measure. A
concrete example of this duality is provided by ABJM theory which admits
AdS4 vacuum solutions in the large N limit, [82]. The dictionary (1.53) states
that we can evaluate the probability for a dS inflationary universe directly from
the partition function of ABJM in the presence of certain relevant complex
deformations. Unfortunately, an explicit form of the partition function of ABJM
is not feasible at the moment, and we need to proceed in a different way.
In ordinary AdS/CFT, the Vasiliev theory of higher spin is dual to the O(N)
vector model of interacting scalars. This duality is suggested by the fact that
the O(N) vector model has a singlet sector (in the large N factorization) with
conserved currents of the form: Jµ1....µs = Φi∂(µ1...∂µs)Φi for integer spins
s, which is precisely the spectrum of massless higher spin fields in minimal
bosonic higher spin gravity in 4D. In particular, according to the general rules of
BEYOND SEMICLASSICALITY: A HOLOGRAPHIC COSMOLOGICAL MEASURE 23
AdS/CFT, conserved currents in a CFT are dual to corresponding gauge fields
in AdS. Hence, a conserved spin 1 current is dual to a spin gauge field in the
bulk. The conserved stress tensor is dual to the graviton. And this generalize
to all spins. One can show, [84], that the dual to the free O(N) vector model
must have a cubic graviton coupling (which is different from Eintein gravity but
can be obtained by adding higher derivative terms to the Einstein action, which
is indeed a feature of Vasiliev theory, which therefore suggests the duality).
Recently Anninos et al. [83] have put forward a precise realisation of dS/CFT
that is potentially valid beyond the semiclassical approximation. Their proposal
relates Vasiliev’s theory of higher spin gravity in four-dimensional de Sitter space
to a Euclidean, three dimensional conformal field theory with anti-commuting
scalars and Sp(N) ≡ O(−N) symmetry. A typical problem with dS/CFT is
that one naively has operators with complex weights. It is not the case of the
Sp(N) vector model (and thus of Vasiliev theory) because an operator in the
free theory of this model has conformal dimension 2, and expectation value
< O >= 1. This is very special since, as previously discussed in this section, it
corresponds to a bulk scalar field with mass m2 = 2/l2dS . Any different choice
of the bulk scalar field mass would lead to a generically complex weights (and a
different field theory dual). In this sense Vasiliev theory and the Sp(N) vector
model represent a very special case. Further, the bulk scalar field mass is not
arbitrary, but constrained by the holographic dual. We will use this particular
value of the scalar field mass in Chapters 4 and 5.
The work of Anninos et al. [83] has made possible the first precise holographic
calculations of the wave function of a Vasiliev universe, by evaluating the
partition function of the Sp(N) CFT as a function of various deformations.
It was found however that the resulting measure exhibits several divergences
that are unexpected in well-defined, stable theories [85, 86]. This includes
divergences associated with mass deformations in the dual on S3 and with the
topological complexity on more complicated future boundaries.
We will compare our results with these field theories dual to Vasiliev higher
spin theory of gravity. A comparison between Einstein gravity with the dual
of Vasiliev’s gravity, might appear odd for most, but it can be interesting
for two reasons. It is crucial to understand if the divergences found in the
Sp(N) ≡ O(−N) model are also present in Einstein gravity, and what is their
physical implication on classical cosmology. The second reason is that, if the two
theories share some similarities, we can have access to a qualitative behaviour
of the wave function of the universe beyond the saddle point approximation.
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Figure 1.6: Pictorial representation of the classical evolution of boundary data
on a surface Σ at tˆ = tˆΣ, and their evolution at a subsequent instant of time.
1.4 From Quantum to Classical
A quantum system is regarded as classical when the wave function is strongly
peaked about one or more classical configurations. In the latter case, a classical
behaviour is achieved if the quantum mechanical interference between those
states is negligible (those states should decohere), [54, 55].
The way we interpret the wave function in quantum cosmology is to regard a
strong peak of the wave function as a prediction, [87, 88, 64]. The wave function
is peaked about some correlation between coordinates and momenta when it
is in the form eiS . A classical history is predicted whenever the evolution of
the three-geometry and scalar field configurations in time is governed by the
classical Lorentzian Einstein equations, where time is only defined in context of
that specific history.
Classical gravity can be described in terms of data living on a space-like
surface Σ. The Einstein’s equations (1.1) determine their evolution in time. In
minisuperspace models, the data (hij , χ) only depend on the location in time
of the surface. Say we measure hij and χ at a given time tˆ = tˆΣ. A dynamic
theory, such as general relativity, gives their value at a subsequent instant of
time tˆ = tˆΣ + δtˆ.
In figure 1.6, we give a pictorial representation of this construction. If we evolve
the Einstein’s field equations (1.1) in time, we find a set of values for the fields
qA ≡ (hij , χ), with A = 1, 2. In minisuperspace models, this class of paths is
subjected to a single constraint. The underlined theory, general relativity, is a
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parametrized theory, in the sense that "time" is already contained amongst the
dynamical variables hij , χ and for this reason the wave function (1.5) does not
depend on the time coordinate label tˆ, but only on the boundary fields hij , χ.
Since the three-surfaces are compact, their intrinsic geometry fixes their location
on the four-manifold, [89, 90, 91, 92]. This leads to the classical Hamiltonian
constraint, [52],
H = 12GABpi
ApiB + U(q) = 0 , (1.54)
where the classical momenta are defined as
piA =
δ
δqA
, (1.55)
In the region of superspace where the classicality condition (1.15) holds, the
WDW equation (1.7) reduces to the classical Lorentzian Hamilton-Jacobi
equation of the classical theory, (1.54). A wave function in the form Ψ ∼ eiS is a
solution of the classical Hamiltonian constraint (1.54). In this region, the wave
function rapidly oscillates with a conserved probability measure. A classical
history of the universe is not something that is imposed by hand, rather it is
predicted.
1.4.1 Lorentzian Histories
How to interpret the classical spacetime and field configuration predicted by
the wave function? What is the physics encoded in the phase of the wave
function? To answer these questions, we evaluate the classical Hamilton-Jacobi
field equation, (1.54), for a wave function in the form eiS . We use the value of
the boundary field configurations b, χ as boundary conditions and we evaluate
the equations back in time.
To summarize: we evaluate the semiclassical probability measure over complex
saddle points of the Einstein-Hilbert action, by looking for those regions of
minisuperspace where the wave function shows a classical behaviour. The
coordinates of minisuperspace, of this region, provide a set of boundary field
configurations b, χ that we use as a set of boundary conditions to solve the
classical Lorentzian equation of motion back in time. These are in the form
− b˙2 + 1−H2b2 + b2χ˙2 − 2b2V = 0 ,
− χ¨− 3 b˙
b
χ˙+ dV
dχ
= 0 ,
(1.56)
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where f˙ = df/dtˆ, and tˆ is the Lorentzian time defined on that particular history.
Classical Lorentzian dS space in the global patch, (1.3), provides a solution to
equation (1.56) in the no-scalar field case.
Hence, complex saddle points defining the wave function provide a semiclassical
measure for a given history which is encoded in the phase of the wave. The
behaviour of that history can be evaluated by evaluating the equations of
motion along the vertical part of the dS contour depicted in figure 1.3, which is
equivalent to solve (1.56).
There are several key points, [64]:
• A Lorentzian history might be bouncing in the past or have an initial (or
final) singularity.
• Singularities in the classical history should not be regarded as a signal of
the breaking down of the quantum theory. Rather they should be thought
as a breaking down of the approximation.
• The wave function predicts probabilities for Lorentzian histories and not
for their initial data. In a certain sense, we can say that the wave function
resolves classical singularities.
• The classical histories should not be confused with the saddle points that
provide the steepest descents approximation to the integral defining the
wave functions. The classical histories are real and Lorentzian, while the
saddle points are generally complex. The Lorentzian histories may bounce
in the past, for example they can have a period of contraction from an
infinity in the past, bounce and re-expand to another one in the future.
The saddle points have only one infinity.
We should look at the wave function of the universe as an object that gives
probabilistic weight to the possible histories of a quantum universe.
1.5 Open Questions
In the course of this thesis we will use the O(N) vector model of interacting
scalar fields in 3-dimensions. This model is conjectured to be dual to Vasiliev’s
higher spin gravity with asymptotically AdS4 boundary. We will consider
different types of deformations. Here, we review the main ingredients and we
will show more details in the next chapters.
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Figure 1.7: |Zfree|−2 as a function of the mass deformation.
1.5.1 Free O(N) Vector Model Massed
We consider the free O(N) vector model on a Euclidean three sphere of radius
r, and a finite constant mass deformation µ2. The action for this model is, [93],
S = 12
∫
d3x
√
g
[
(∇~Φ)2 + R8
~Φ2 + µ2~Φ2
]
, (1.57)
where ~Φ is an N -component field which transforms as a vector under O(N)
rotations, R is the Ricci scalar and ∇ is the covariant Laplacian operator of S3.
The partition function of this model is known explicitly [94],
logZfree[µ2] =
− N48pi2
{
6pi2(1− 4r2µ2) log
(
1− e−ipi
√
1−4r2µ2
)
+ 12Li3
(
e−ipi
√
1−4r2µ2
)
+ ipi
√
1− 4r2µ2
[
pi2(1− 4r2µ2) + 12Li2
(
e−ipi
√
1−4r2µ2
)]}
.
(1.58)
In figure 1.7 we show the inverse squared of the partition function of the free
model sourced by a mass deformation of conformal dimension two, related to
the holographic no-boundary probability. The holographic probability measure
diverges for negative mass deformation.
The mass deformation µ2 has conformal dimension two, and therefore it is
related to the wave function expressed in terms of an operator of conformal
dimension δ+ = 2, (i.e. wave function in the β˜ basis). The dictionary relates
µ2 ∝ −β˜. Even if the dual of this model is Vasiliev’s higher spin theory of
gravity, [93], the divergence appearing at negative mass deformations rises
the question whether or not this divergence can be observed in the context
28 HOLOGRAPHY FOR COSMOLOGY
of Einstein’s gravity and, if so, what is its interpretation and implication on
the Lorentzian histories. In the final chapters of this work we will address this
question.
1.5.2 Critical O(N) Vector Model
One can consider the free theory and deform it with a relevant double trace
deformation λ(~Φ · ~Φ)2/(8N), where λ is a constant of conformal dimension one,
whose action is [95, 96]
S = 12
∫
d3x
√
g
[
(∇~Φ)2 +
(
1
8R+ λσ
)
~Φ2 + λ(
~Φ · ~Φ)2
2N
]
. (1.59)
In the limit rλ→∞ and N →∞ the partition function of this model is related
to the partition function of the free theory by a Fourier type transformation [85].
One introduces an auxiliary field Nµ˜ = ~Φ · ~Φ, and the action can be rewritten
in terms of single trace operators
S = 12
∫
d3x
√
g
[
(∇~Φ)2 +
(
1
8R+ λσ + λµ˜
)
~Φ2 − Nλµ˜
2
2
]
. (1.60)
Integrating out the ~Φ field one obtains
Zcrit[σ] = e
Nλ
2
∫
dΩ3σ2
∫
Dµ2 exp
[
N
∫
dΩ3
(
µ4
2λ − σµ
2
)]
Zfree[µ2] , (1.61)
where µ2 ≡ λσ+ λµ˜. The first factor on the r.h.s. in (1.61) is local. At large N
one can evaluate the integral (1.61) in the saddle point approximation. Using
(1.58) the saddle point equation reduces to
16pir2µ2
rλ
+ 16pirσ =
√
1− 4r2µ2 cot
(pi
2
√
1− 4r2µ2
)
. (1.62)
In the large rλ regime the first term vanishes and the saddle point equation
can be solved analytically for small deformations σ. The result can be found
in [85, 94], and we will provide a more detailed discussion in the next chapter.
The partition function of this model does not show any divergence. The
deformation is of conformal dimension one and therefore is dual to a gravity
theory with a source of dimension δ− = 1, i.e. wave function in the α˜ basis.
The dictionary relate σ ∝ −iα˜. This model is dual to Vasiliev’s gravity, [95, 96],
nevertheless a comparison with Einstein gravity might give some insights on the
non-perturbative description of the wave function. We will explore this later.
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1.5.3 Free O(N) Vector Model Squashed
The free O(N) vector model can be defined on a (double) squashed background.
The squashing introduce a geometrical deformation. The squashed geometry is
described by the line element
ds2 = r
2
0
4
(
(σ1)2 +
1
1 +A (σ2)
2 + 11 +B (σ3)
2
)
, (1.63)
where
σ1 = − sinψdθ + cosψ sin θdφ ,
σ2 = cosψdθ + sinψ sin θdφ ,
σ3 = dψ + cos θdφ ,
(1.64)
are group invariant differential forms of the round sphere. If we consider the
square of the same σi, as in equation (1.63), we have SU(2)× SU(2) = SO(4)
isometry, i.e. a round sphere. Cross products between the σi, i.e. σ1σ2 would
break this symmetry to SU(2)×U(1). Further, off-diagonal terms might give a
metric that might not even be continuously deformed to a round sphere. These
were the reasons why the authors of [98] considered only the ansatz (1.63), and
for the same reasons we will consider only this ansatz in chapters 4 and 5. The
range of the coordinates in equation (1.64) are, 0 ≤ θ ≤ pi, 0 ≤ φ ≤ 2pi and
0 ≤ ψ ≤ 4pi. The factors A and B parametrize the squashing.
The free energy of this model was shown to be peaked around the round sphere
case when a single squashing is applied [85, 97, 98, 99, 100]. At negative
squashing, there is an interesting regime where the boundary Ricci scalar
changes sign and becomes negative. This will be the subject of chapter 4 and 5.
1.5.4 U(N) Vector Model
The O(N) theory can be modified to a U(N), if we consider the background
geometry to be S1 × S2, with metric
ds2 = Θ2dλ2 + dΩ22 , (1.65)
where Θ is the relative size of the two sphere, and λ has periodicity one. The
partition function is dependent on Θ. There are interesting regimes. When
1/Θ √N , the partition function is, [101],
logZfree[Θ] = −N2 log 2 , (1.66)
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and when 1/Θ √N the partition function reduces to, [101],
logZfree[Θ] =
4ζ(3)N
Θ2 . (1.67)
This field theory partition function suggested that dS and AdS are not in general
related by analytic continuation at the nonperturbative level, though they might
be in many cases in perturbation theory, [85].
1.6 Outline of the Thesis
In the remainder of this thesis, we will address some of the problems we have
discussed so far. We will explore in more details several properties of the wave
functions of the universe and its holographic interpretation. We now give an
outline of this thesis work with a brief revision of the main topics and results
discussed through the thesis. Every chapter is based on a personal research
work of the author.
In chapter 2 we provide a holographic formulation for the Tunneling wave
function. In analogy with the Hartle-Hertog proposal for the no-boundary wave
function, we write the Tunneling amplitude in terms of the partition function
of field theories usually employed in the context of AdS/CFT. We compare the
Tunneling measure in different field basis with the partition functions (1.58)
and (1.61). We perform a perturbative calculation and we explore whether
a diverging behaviour similar to (1.58) can be found in Einstein gravity. We
discuss the holographic interpretation of the two wave functions in the hope that
holography might give some insights on which wave function better describes
our own universe.
In chapter 3, we analyze a divergence appearing in Einstein gravity similar to
the one observed in (1.67). In Einstein gravity a similar divergence was found in
the case of saddle points predicting Lorentzian histories that are Schwarzschild
de Sitter black holes [85]. We will analyze this diverging behaviour in the
context of the Hartle-Hawking state, and of the Tunneling state. We study
the Lorentzian histories predicted by these saddle points, and the physical
interpretation of these divergences, and we resolve it.
In chapter 4 and 5, we explore in further details the comparison of the divergence
found in (1.58) and Einstein gravity. The relation between the source and the
vacuum expectation value of the dual theory defines the potential for the scalar
field in the gravity model, [102]. We find this potential and we study the solutions.
We also introduce two squashing parameters and we generalize what we have
discussed in section 1.5.3. The analysis in chapter 4 is standard AdS/CFT and
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with this analysis we can study a generalization of the Taub-NUT/Bolt phase
transition in the presence of scalar hairs and a further squashing. We combine
the squashing and the massive deformation and we study the behaviour of
the partition function and of the O(N) vector model in this three-dimensional
portrait. The presence of the squashing introduces a region in configuration
space where the boundary Ricci scalar changes sign and becomes negative. In
chapter 5 we focus on the cosmological solutions that we can construct from
this model. We study the Lorentzian histories of these solutions which are of a
mixmaster universe in the presence of a scalar field in a non-trivial potential,
and we evaluate their semiclassical probability in the no-boundary state. Finally,
we evaluate the full cosmological probability by looking at the holographic dual.
This provides a toy model to support the Hartle-Hawking conjecture about a
smooth exit from eternal inflation [103].

Chapter 2
Holographic Tunneling Wave
Function
2.1 Introduction
The dS/CFT proposal [104, 105, 106, 107] conjectures that ‘the’ wave function
of the universe with asymptotic de Sitter (dS) boundary conditions is given
in terms of the partition function of a Euclidean CFT deformed by various
operators. But which wave function of the universe does the CFT select?
Alternatively dS/CFT may be able to accommodate different wave functions.
Some evidence for this comes from the explicit higher spin version of dS/CFT
[83] where the partition functions appear to exhibit certain features reminiscent
of the Hartle-Hawking wave function in Einstein gravity [85], whereas other
properties have a natural interpretation in the tunneling state [65].
The potential in the Wheeler-DeWitt (WDW) equation in an asymptotically
AdS context is everywhere positive. Generic solutions Ψ thus have a growing
and a decaying branch in the large volume regime. A closer look at the behavior
of the Hartle-Hawking wave function in its AdS domain shows it corresponds
to a very special, decaying wave function in AdS [108, 109]. This is closely
connected to the fact that the holographic Hartle-Hawking measure involves
the inverse of the AdS/CFT dual partition function [110].
In this chapter we investigate whether there are reasonable quantum states in
cosmology corresponding to the growing branch of AdS wave functions. In a
sense one might argue such states have a cleaner holographic interpretation,
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because the dual theory in AdS/CFT most directly computes the growing
branch of bulk wave functions only. Indeed, the local surface terms one usually
adds to the bulk action to extract information essentially eliminate the decaying
branch.
We find that Vilenkin’s tunneling wave function [57, 56], in the semiclassical
approximation and up to local surface terms, is equivalent to the growing branch
of the most natural wave function in AdS, in which the amplitudes of boundary
configurations are specified by the partition function of a dual CFT with certain
finite deformations. To show this we again exploit the complex structure of
the bulk saddle points. This allows us to establish a relation between the
tunneling wave function with asymptotic dS boundary conditions and an AdS
wave function which we interpret in the context of AdS/CFT. As a first test
of our proposal for a holographic tunneling state we compute the partition
function of the O(N) vector model on the round three sphere as a function of a
homogeneous, finite mass deformation. We do this both for the critical and for
the minimal model. We find the partition functions in both cases qualitatively
agree with the behaviour of the minisuperspace tunneling wave function in
Einstein gravity coupled to a positive cosmological constant and a massive
scalar field, and we interpret this as evidence in favour of our proposal.
As solutions to the WDW equation the tunneling and Hartle-Hawking wave
functions obey different boundary conditions. As a consequence they specify a
different cosmological measure, which translates into different predictions for
what we should expect to observe1. A controversial feature of the tunneling
wave function has been whether it actually predicts that the amplitude of
inhomogeneous fluctuations is suppressed, as required by observation. In order
for this to be the case the fluctuation action must enter in the wave function
with a different sign than the action for the background histories. This sign
change has been motivated on the basis of regularity of the wave function
[57, 112, 113]. We revisit this point in the Discussion below and conclude there
is no evidence for this from a holographic viewpoint.
2.2 The Tunneling Wave Function
We consider Einstein gravity coupled to a positive cosmological constant Λ
and a scalar field moving in a positive potential V . A quantum state of the
universe in this model is given by a wave function Ψ on the superspace of all
three-metrics hij(~x) and field configurations χ(~x) on a closed spacelike surface
Σ. It is described by the wave functional (1.5).
1See e.g. [111] for a sharp illustration of this.
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All wave functions must satisfy an operator implementation of the classical
constraints. These include the Wheeler-DeWitt (WDW) equation HΨ = 0. To
solve the WDW equation one must specify boundary conditions on Ψ. A choice
of boundary conditions specifies a quantum state of the universe, which together
with the dynamics provides a predictive framework of cosmology.
In the tunneling approach to quantum cosmology [56, 57], the boundary
condition on the wave function is that ΨT in the large three-volume regime of
superspace should include only outgoing waves, describing expanding universes.
Physically this boundary condition implements the idea that our expanding
classical universe originated in a quantum tunneling event. The motivation for
this comes from an analysis in homogeneous isotropic minisuperspace where
the WDW equation has a potential U(b) of the form (cf. Fig. 1.5)
U(b) = b2 − b4VΛ(χ), (2.1)
with b the scale factor and VΛ(χ) ≡ Λ/3 + V (χ). The WDW equation therefore
has growing and decaying solutions in a classically forbidden region 0 < b < bc
under the barrier, where bc = 1/
√
VΛ(χ), but it has outgoing and ingoing wave
solutions - corresponding to expanding and contracting universes - for b ≥ bc.
One can thus envision a tunneling process from b = 0, or ‘nothing’, to a closed
universe of radius bc which then subsequently expands. This selects the outgoing
solution at large scale factor. In the semiclassical approximation and at large
volume the resulting wave function will then oscillate rapidly and be of the form
(1.22). The tunneling probabilities are approximately given by [57]
P ∼ exp
(
−2
∫ bc
0
db
√
U(b)
)
≈ exp
( −3pi
VΛ(φ0)
)
, (2.2)
where φ0 is the absolute value of the scalar at the b = 0 boundary (cf.
Section 2.4). Once a universe nucleates it evolves classically and expands
in an inflationary manner. The boundary condition that the wave function
should include only outgoing waves in the large volume limit implies it is a linear
combination of the growing and decaying solutions in the classically forbidden
region2. However the nucleation probabilities (2.2) are specified by the decaying
solution under the barrier [57].
This is in sharp contrast with the Hartle-Hawking boundary conditions which
select the growing solution under the barrier. This yields a real linear
combination of ingoing and outgoing waves in the large volume region, describing
a time-symmetric ensemble of contracting and expanding universes. Relative
2A more formal definition of the tunneling wave function in terms of a Lorentzian path
integral was put forward in [114]. However this can only be evaluated in the semiclassical
limit we discuss here.
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probabilities in the Hartle-Hawking state are specified by the amplitude of the
growing solution when it emerges from the classically forbidden region. As
a result both wave functions differ in their predictions: the tunneling wave
function (2.2) favours universes in which the scalar field starts high up its
potential, leading to a long period of inflation, whereas the Hartle-Hawking
wave function favours histories with a low amount of inflation [58].
In the semiclassical approximation both wave functions can be evaluated using
saddle points. These are complex solutions of the Einstein equation, discussed
in more detail below, which interpolate between ‘nothing’ at the South Pole of
an approximate four-sphere of radius ∼ 1/√V (φ0) to a Lorentzian, classical,
inflationary universe. The saddle points specifying ΨT are the same as those
defining the semiclassical Hartle-Hawking wave function. However they are
weighted differently in both wave functions, because they behave very differently
under the barrier. The Hartle-Hawking probabilities are of the form |ΨHH |2 ∼
exp(−2IE), where IE ≈ −3pi/|VΛ(φ0)| is the real part of the Euclidean saddle
point action.
It is subtle, however, to implement the tunneling boundary condition in the full
superspace. A naive extension of the above framework to include perturbations
around homogeneous isotropic configurations does not yield a normalizable
probability distribution for perturbations. For this reason it has been argued
[57, 112, 113] that the probabilities for perturbations in the tunneling state are
given by the growing branch of the wave function under the barrier, as in the
Hartle-Hawking state. One motivation for our work is to revisit this point from
a holographic perspective. We return to this in the Discussion.
2.3 Representations of Complex Saddle Points
We briefly review the saddle point geometries defining the semiclassical tunneling
wave function. This construction is equivalent to the one discussed in Sec. 1.2.2
in the case of the no-boundary wave function, and here we highlight the main
differences.
The Lorentzian action SL of our model is given in (1.21).
We consider the line element of a closed three-geometry as the one given in
equation (1.25). Hence, ΨT = ΨT (b, h˜ij , χ).
The compact saddle point geometries that specify the semiclassical approxima-
tion to the wave function are of the form
ds2 = −N2(λ)dλ2 + gij(λ, ~x)dxidxj , (2.3)
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where {λ, xi} are four real coordinates on the real manifoldM. We take λ = 0
to locate the South Pole (SP) of the saddle point, where the geometry caps-off,
and λ = 1 to locate the boundary Σ ofM. Regularity at the SP together with
the boundary condition that the geometry and field matches the real boundary
configuration (b, h˜ij , χ) on Σ mean that the saddle points are generally complex
solutions of the Einstein equation.
The Einstein equation can be solved for {gij(λ, ~x), φ(λ, ~x)} for any complex
N(λ) that is specified. As for the no-boundary wave function, different choices
of N(λ) yield different geometric representations of the same saddle point. If
we define the complex variable
τ(λ) ≡
∫ λ
0
dλ′N(λ′) + τ0, (2.4)
then different choices of N(λ) correspond to different contours in the complex
τ -plane. Contours begin at the SP at λ = 0, with τ(0) ≡ τ0, and end at the
boundary λ = 1, with τ(1) ≡ υ. Each contour that connects τ0 to υ yields a
different representation of the same complex saddle point. This freedom in the
choice of contour gives physical meaning to a process of analytic continuation
— not of the Lorentzian histories themselves — but of the saddle points that
define their probabilities.
In the next section we recall that this can be used to identify two different
useful representations of all saddle points corresponding to asymptotically
locally de Sitter, classical, Lorentzian histories. In one representation (dS) the
interior saddle point geometry behaves as if the cosmological constant and the
scalar potential were positive. In the other (AdS) the Euclidean part of the
interior geometry behaves as if these quantities were negative, and specifies an
asymptotically locally AdS space. Asymptotically Lorentzian de Sitter universes
and Euclidean anti-de Sitter spaces are thereby connected in the semiclassical
wave function.
The action of a saddle point is an integral of its complex geometry and fields,
which includes an integral over complex time τ . Different contours for this time
integral each yield the same amplitude of the boundary configuration the saddle
point corresponds to. This provides the basis for the holographic form of ΨT as
we now discuss.
2.4 Homogeneous Minisuperspace
We are interested in the tunneling wave function at large volume. In this regime
the semiclassical approximation to the WDW equation holds and implies an
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asymptotic expansion of the wave function which is essentially equivalent to
the asymptotic expansion of solutions to the Einstein equation with asymptotic
dS boundary conditions [108, 109]. We can therefore work directly with the
asymptotic saddle point equations to study the asymptotic structure of ΨT .
We begin by considering O(4) invariant saddle points for which h˜ij(~x) is fixed
to be the metric of a round unit three sphere γij . Homogeneous and isotropic
minisuperspace is thus spanned by the scale factor b and the homogeneous value
of the scalar field χ, and Ψ = Ψ(b, χ).
The line element of the four-geometries that contribute to the minisuperspace
wave function can be written as
ds2 = −dτ2 + a2(τ)γijdxidxj (2.5)
and the saddle point equations implied by the action (1.21) become (1.31).
Solutions specify functions a(τ) and φ(τ) in the complex τ -plane. A contour
C(τ0, υ) representing a saddle point connects the SP at τ0 to a point υ where
a(υ) and φ(υ) take the real values b and χ respectively. For any such contour
the on-shell action is given by
SL = −3pi2
∫
C(τ0,υ)
dτa
[
a2
(
H2 + 2V (φ)
)− 1] . (2.6)
In terms of the variable u ≡ e−Hτ ≡ e−H(y+iz) the large volume regime
corresponds to the large y limit. The asymptotic expansions in powers of u of
the scale factor and field are the same as for the no-boundary wave function
and are given by (1.33), and (1.34).
2.4.1 dS representation of saddle points
At large volume the wave function predicts an ensemble of classical, Lorentzian
histories. Classical histories correspond to curves in the complex τ -plane along
which both the scale factor and field are real. It was found in [64] that in the
above parameterisation all curves corresponding to classical histories asymptote
to a constant value zf 3.
3In [64] these curves were found by starting at the SP with a complex value of the scalar
field φ(τ0). By tuning the phase of φ(τ0) together with the value of zf they found all
asymptotically vertical curves z = zf along which a and φ are both real and the classicality
conditions satisfied. There is one such curve, defining one classical Lorentzian history, for
each value |φ(τ0)| ≡ φ0. In a single field potential this yields a one-parameter family of
homogeneous and isotropic, asymptotically de Sitter, classical Lorentzian histories.
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This can also be seen from the asymptotic expansions (1.33) and (1.34), which
to leading order in u can be written as (1.35).
The condition that a and φ are both real in the large volume limit along a
constant value zf requires that
θc = −Hzf , θα = δ−Hzf . (2.7)
Then along the z = zf curve we have
ds2 ≈ −dy2 + |c|2e2Hyγijdxidxj , φ ≈ α˜e−δ−Hy. (2.8)
Hence along this contour y acts as a time coordinate and the metric represents
an asymptotic Lorentzian de Sitter universe with a slowly decaying scalar field.
The asymptotic contribution to the saddle point action is given by the integral
(2.6) along the curve z = zf . It is immediate that there will be no contribution
to the amplitude A of the wave function from this part of the contour: The
integrand in (2.6) is real as is dτ = dy. Instead this part of the contour yields a
large negative contribution to the phase of the wave function, as required by
the outgoing tunneling boundary conditions. Thus ΨT oscillates rapidly with
an approximately constant amplitude and describes an expanding, inflationary
history.
It does not follow from the above analysis that the tuning (2.7) is possible with
regularity conditions at the origin and therefore that the saddle points actually
exist. However [64] have shown they do. In the neighbourhood of the SP at
τ = τ0 the O(4) invariant saddle point solutions take the form (1.38).
Taking τ0 ≈ ipi/(2
√
VΛ(φ0)) and defining a contour CD that first runs from
τ0 to zf = 0 along the z-axis and then along the y-axis yields a geometric
representation of the saddle points in which an approximately Euclidean four
sphere is smoothly joined onto a classical, expanding Lorentzian dS universe.
This dS representation is illustrated in Fig 2.1(a).
The action integral over the Euclidean regime determines the amplitude A of
the corresponding classical history and is approximately given by [57]
logA ≈ − 3pi2VΛ(φ0) . (2.9)
We can only write this explicitly, when an analytic solution is known along the
entire contour. For example when the scalar field is relatively small at the SP
and moving in a quadratic potential we have the analytic solution discussed
in equation (1.40). In the present case the amplitude of the Tunneling wave
function is given by
logA ' − 3pi2H2 +
3pim2|C|2χ2b2δ−
2H4 +O(χ
4). (2.10)
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Figure 2.1: The dS contour CD (left) and the AdS contour CA (right) in
the complex τ -plane yield two distinct geometric representations of the same
complex saddle point.
2.4.2 AdS representation of saddle points
The contour CD is not the only useful representation of the saddle points. The
saddle point action is given by the integral (2.6) and can be evaluated along
any contour C(τ0, υ) connecting the SP to the endpoint υ. Consider now the
contour CA shown in Fig. 2.1(b). In the neighbourhood of the SP the contour
lies along
za(y) ' pi2√|VΛ(φ(y))| . (2.11)
Hence the first branch (a) gradually moves away from the dS contour as the
scalar field rolls down the hill. For large values of y the contour asymptotes
to za = pi/(2H). At the point υa ≡ ipi/(2H) + yυ it turns and runs vertically
down along (b) towards the endpoint υ. This contour has the same endpoint υ,
the same action, and makes the same predictions as CD, but the saddle point
geometry is different. Eq.(1.44) shows that the displacement from the real axis
to za replaces u by −iu and therefore a(u) by ia(u), to leading order. Since a
was real along the real axis it will be imaginary along z = za. The asymptotic
form of the metric (2.5) along z = za is (1.43) and the asymptotic form of the
scalar field along the z = za curve is given by (1.44).
Hence the saddle point geometry along this part of the contour is that of an
asymptotically AdS, spherically symmetric domain wall with a complex scalar
field profile in the radial direction y. This construction is analogue as the one
discussed in Sec. (1.2.2) in the case of the no-boundary wave function.
The contribution iSL(a) to the saddle point action iSL coming from the integral
along (a) is equal to minus the Euclidean AdS action of the domain wall solution
and therefore exhibits the usual volume divergences associated with AdS. In
this AdS domain the tunneling wave function thus behaves as the growing wave
function familiar from AdS/CFT. This is in sharp contrast with the Hartle-
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Figure 2.2: Qualitative behavior of ΨT and ΨHH in the AdS regime of the saddle
points along branch (a) of the contour CA. The tunneling state corresponds to
the usual growing wave function in AdS familiar from AdS/CFT whereas ΨHH
is a decaying wave function in its AdS regime. The blue dashed line shows the
superpotential U .
Hawking wave function which behaves as a decaying wave function in its AdS
domain [110]. We illustrate this difference in Fig.2.2.
The contribution to the saddle point action from the vertical closing of the
contour (b) regulates the divergences. This follows immediately from the fact
that the amplitude of ΨT along the horizontal part of the dS contour tends to
a constant. The contribution from (b) therefore must cancel the divergences
from (a), and also provide much of the phase of the wave function.
There remains the relation between the finite ‘regulated’ action iSregL(a) = −IregDW
on (a), where IregDW is the usual regulated Euclidean AdS action of the domain
wall, and the amplitude A of the wave function evaluated at the endpoint
υ. This connection is supplied by the action integral (2.6) along (b). In the
next section we show that for all asymptotically locally de Sitter saddle points,
i.e. including those corresponding to inhomogeneous final configurations, the
vertical branch (b) does not contribute to the amplitude.
2.5 General Saddle points
The above discussion is not restricted to minisuperspace. It extends to saddle
points corresponding to general boundary configurations specified by complex
metrics of the form (2.3). In terms of the variable u the large volume expansion
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of the general complex solution of the Einstein equation is given by [110]
gij(u, ~x) =
c2
u2
[
h˜
(0)
ij (~x) + h˜
(2)
ij (~x)u2 + h˜
(−)
ij (~x)u2δ− + · · ·+ h˜(3)ij (~x)u3 + · · ·
]
,
(2.12)
φ(u, ~x) = uλ−(α˜(~x) + α˜1(~x)u+ · · · ) + uλ+(β˜(~x) + β˜1(~x)u+ · · · ), (2.13)
where h˜(0)ij (~x) has unit volume. As in the homogeneous case, the asymptotic
solutions are specified by the asymptotic equations in terms of the boundary
functions c2h˜ij and α˜, up to the u3 term in (2.12) and to order uδ+ in (2.13).
Beyond this the interior dynamics and the boundary condition of regularity on
M become important.
In saddle points associated with asymptotically classical histories the phases at
the origin are tuned so that gij and φ become real for small u along the horizontal
part of a contour CD at z = zf . Since the expansions are analytic functions of
u that means there is again an alternative contour CA that asymptotically runs
at za = zf + pi/(2
√|VΛ|) along which the metric gij is also real, but with the
opposite signature. Thus we recover more generally the same story as in the
homogeneous and isotropic example.
Furthermore, it was shown in [110] that the asymptotically finite contribution
to iSL coming from the first branch of CA is the same as the logarithm of the
saddle point amplitude at the endpoint υ. To see this one can evaluate the
action integral along the vertical branch (b) of the contour connecting (a) to υ,
order by order in u. The on-shell action integral along the vertical part is given
by
SL(b)(υa, υ) = − 18pi
∫ zf
za
dz
∫
d3x
√−g
[
6H2 − 3R+ 12V (φ) + 6(~∇φ)2
]
,
(2.14)
where 3R is the scalar three curvature of gij . As shown in [110] the asymptotic
Einstein equation implies this does not contribute to the amplitude of the wave
function in the large yυ limit. This means iSL(b) only regulates the divergences
of the action from (a) and supplies the phase necessary for classicality at υ. In
particular one has
iSL(b)(υa, υ) = (i− 1)(I1 + I2 + Iφ)(υa) +O(e−Hyυ ), (2.15)
where I1 and I2 are the familiar (real) gravitational counterterms and Iφ are
additional (complex) scalar field counterterms which cancel the divergences
arising from the slow fall-off of φ for large yυ [110]. Hence for sufficiently large
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yυ the combination
iSL(a)(υa)− (I1 + I2 + Iφ)(υa)→ −IregDW . (2.16)
Summing the contributions from (a) and (b) yields
iSL[b, h˜ij(~x), χ(~x)] = −IregDW [h˜ij(~x), α(~x)] + iSct[b, h˜ij(~x), α˜(~x)] +O(e−Hyυ ),
(2.17)
where iSct ≡ (I1 + I2 + Iφ)(υ).
In this expression α is determined by the argument of the wave function as
described in Eq.(1.44). Thus we find that in the limit of large scale factor
the tunneling probabilities for all Lorentzian, asymptotically locally de Sitter
histories with scalar matter are specified by the action of an ensemble of
Euclidean AdS domain wall saddle points with a complex scalar field profile.
This result leads directly to a holographic form of ΨT as we discuss next.
2.6 Holographic tunneling wave function
The AdS representation of the saddle points provides a natural connection
between ΨT in the large volume limit and Euclidean AdS/CFT. In the
supergravity approximation the Euclidean AdS/CFT dictionary states that
exp(−IregDW [h˜ij(~x), α(~x)]) = ZQFT [h˜ij , α(~x)] ≡ 〈exp
∫
d3x
√
h˜α(~x)O〉QFT ,
(2.18)
where the dual QFT lives on the conformal boundary represented here by the
three-metric h˜ij . For radial domain walls this is the round three-sphere, but in
general α and h˜ij are arbitrary functions of all boundary coordinates ~x.
Applying (2.18) to (2.17) yields the following holographic formulation of the
asymptotic tunneling wave function,
ΨT [h, χ] = ZQFT [h˜, α]eiSct[h,χ], (2.19)
in which the probabilities of boundary configurations in the large volume limit
are given by the partition function of CFTs defined on the AdS boundary and
deformed by certain operators4.
As discussed above the sources (h˜, α) of ZQFT in (2.19) are locally related to
the argument (h, χ) of the wave function. The dependence of the field theory
4It has been suggested that the wave function at finite scale factor can be obtained from
an RG flow in the dual [115].
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partition function on the sources gives a measure on different asymptotically
locally de Sitter configurations. For sufficiently small values of the matter
sources and sufficiently mild deformation of the round three sphere geometry
one expects the integral defining the partition function to converge.
Eq. (2.19) is an example of a dS/CFT duality, albeit at the semiclassical level
only. By this we mean that the derivation leading to (2.19) is based on the
saddle point approximation of the bulk wave function, and hence concerns the
large N limit of any dual field theory. It is an important open question whether
a dS/CFT duality like (2.19) holds when loop corrections in the bulk are taken
into account.
A concrete dynamical model to which the duality (2.19) applies is provided by
N = 8 gauge supergravity in four dimensions, which admits an AdS4 vacuum
solution and is dual to ABJM theory in the large N limit. The bulk theory
contains negative mass scalars and admits several consistent truncations to AdS
gravity coupled to one or more m2/H2 = −2 scalars. These scalars act as light,
positive mass scalars in the dS regime of the bulk saddle points and thus can
drive inflation in the corresponding Lorentzian history. The (complex) sources
in the boundary theory that correspond to those scalars turn on finite, relevant
deformations of the CFT. The duality (2.19) states that the large N ABJM
partition function as a function of those particular sources yields a dual way to
compute the tunnelling measure in this model.
We should note, however, that the space of field theory deformations that
are allowed is rather restricted. This is because one can only turn on those
sources that preserve the asymptotic dS structure. This excludes in particular
all irrelevant deformations corresponding to positive mass scalars in the AdS
theory since these act as tachyonic scalars on the dS branch of the contour
which, when turned on, destroy the asymptotic dS structure. Even scalars in
dS with positive masses larger than +9H2/4 are difficult to incorporate. This is
because if they don’t decay they can form stable bound halos, slowing or even
reversing the expansion in local regions of the universe thereby again altering the
asymptotic structure. In the AdS regime such fields behave as tachyonic scalars
with masses below the Breitenlohner-Freedman bound. Any AdS theory with
such scalars would admit bubble solutions that describe the decay of the AdS
vacuum, consistent with the absence of a well-defined asymptotic dS structure.
In summary, the asymptotic dS structure which is a prerequisite in any
dS/CFT proposal acts as a final condition that strongly constrains the possible
deformations and therefore the dynamics.
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2.7 Testing the duality
It is not feasible at present to compute the partition function for deformed
CFTs on S3 that are dual to Einstein gravity. To gain intuition and support for
the duality (2.19) we therefore consider the simpler Klebanov-Polyakov version
of the correspondence wherein the large N field theory is tractable [95]. This
conjectures a duality between a higher spin gravity in AdS4 and the singlet
sector of the critical O(N) vector model at large N in three dimensions. In
the spirit of [96, 85] we will compare exact results on the field theory side
with properties of the bulk wave function in Einstein gravity, and interpret a
qualitatively similar behavior as a positive test of the above conjectured duality.
Specifically we consider the partition function of small but finite, constant mass
deformation of the critical O(N) vector model on S3. Since the operator that
is sourced has dimension two we take the bulk to be four dimensional Einstein
gravity theory coupled to a positive cosmological constant and a scalar field of
mass m2 = 2H2. Along the AdS branch of the saddle points the asymptotic
expansion of the scalar field is then
φ = αe−Hy + βe−2Hy, (2.20)
where α = iα˜ and β = −β˜. We will compare the partition function as a
function of a mass deformation of the critical O(N) model sourced by α with
the asymptotic bulk wave function in the field basis as a function of the scalar
boundary value α˜/(2Hb).
Before doing so, however, we first consider a mass deformation of the simpler,
minimal O(N) vector model. The partition function of this is related to that
of the critical model by a double trace RG flow [93, 83]. In the minimal
model a mass deformation is sourced by β multiplying an operator of conformal
dimension one. In the bulk this means one adopts the alternative quantisation
in which β is the source, corresponding to calculating the bulk wave function in
a different basis. Given the subtleties with the signs of the coefficients in the
complex saddle points it is instructive to illustrate how the duality works in
both bases, and thus to consider both the critical and the minimal model.
2.7.1 Minimal O(N) vector model
First we consider the action of the minimal O(N) vector model on a three
sphere of radius r and a finite constant mass deformation µ2, given by [93], and
written in (1.57).
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The free energy of this model is
− F = logZmin[µ2] = −N2 log det
[
−+ R8 + µ2
2
]
(2.21)
where  is an arbitrary dimensionful constant, interpreted as a sliding
renormalization scale. The functional determinant can be calculated using
a zeta function regularization scheme. This yields to (1.58).
For small r2µ2 the partition function becomes
logZmin[µ2] ∼ −N8
[
log 4− 3ζ(3)
pi2
]
+ N16r
4pi2µ4 +O(r6µ6). (2.22)
The first term is the partition function of the massless O(N) vector model on
S3. The second term is the change in the partition function induced by a small
but finite mass term that deforms the theory away from its r2µ2 = 0 fixed
point.
To show that Zmin exhibits the same behaviour as ΨT we first perform a
canonical transformation to write ΨT as a function of β˜. It suffices for our
purposes here to consider the small scalar field regime described at the end of
Section 2.4.1. We write the asymptotic scalar profile as
φ = α˜2Ha
−1 + β4H2 a
−2 ≡ α˜a−1 + β˜a−2. (2.23)
The general form of a canonical transformation at the level of the action is
Πdφ−H(φ,Π, λ) = Bdβ˜ −K(β˜, B, λ) + dG(φ, β˜)
dt
, (2.24)
where Π = φ˙a3 is the conjugate momentum of φ, and B = α˜H is the conjugate
momentum of β˜. Also, H and K are the respective Hamiltonians and G is
the generating function. This formulation is derived by requiring that the
transformed action gives the same equations of motion. That is, the variation
of both actions is the same up to a total derivative.
We are interested in a canonical transformation of the form(
φ
Π
)
=
(
a−2 H−1a−1
−2Ha −a2
)(
β˜
B
)
. (2.25)
To find the generating function we evaluate∫
Πdφ =
∫ [(
3H2a−1β˜2 + 4Hβ˜B + 32aB
2
)
dλ+Bdβ˜
]
+
[
−Ha−1β˜2 − 2β˜B − 12H
−1aB2
]
BD
.
(2.26)
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The boundary term is the generating function G, when expressed as a function
of β˜ and χ only. The wave functions in different bases are thus related by
ΨT (β˜, b) =
∫
dχ exp
[
3piiH
4 (χ
2b3 + 2β˜χb− β˜2b−1)
]
ΨT (χ, b). (2.27)
We showed in section 2.4.1 that the scalar part of ΨT (χ, b) is given by5
ΨT (χ, b) = exp
[
3pi
4
(−iHχ2b3 + χ2b2)] . (2.28)
Hence we find
ΨT (β˜, b) =
∫
dχ exp
[
3pi
4 (χ
2b2 + 2iHβ˜χb+O(b−1))
]
. (2.29)
A steepest descent approximation of the integral yields the relation χ =
−iHβ˜b−1. The amplitude of ΨT in terms of β˜ is thus given by
logA[β˜] = − 3pi2H2 +
3piβ˜2
64H2 +O(β˜
4). (2.30)
Remarkably this is qualitatively similar to the behavior of Zmin in (2.22), since
the holographic dictionary relates N ∼ H−2 and µ2 ∼ β = −β˜. We conclude
that logZmin[µ2] ' logA[β˜], in agreement with our general result (2.19).
2.7.2 Critical O(N) vector model
We now proceed to compute the partition function of the critical O(N) vector
model. This model can be obtained from the free theory by deforming it with
a relevant double trace deformation λ(~Φ · ~Φ)2/(8N), where λ is a constant of
conformal dimension one, and taking the dimensionless coupling rλ→∞. We
include an additional single-trace deformation ~Φ · ~Φ with coefficient λσ, where
σ corresponds to the asymptotic bulk coefficient α˜. The action is [95, 96]
S = 12
∫
d3x
√
g
[
(∇~Φ)2 +
(
1
8R+ λσ
)
~Φ2 + λ(
~Φ · ~Φ)2
2N
]
. (2.31)
In the limit rλ → ∞ the partition function of this model is related to the
partition function of the minimal model by a basis transformation [85], similar
to the transformation of ΨT above. To compute this one introduces an auxiliary
5Here we use that C = 1/(2iH) for m2 = 2H2, with C defined above eq.(2.10).
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field Nµ˜ = ~Φ · ~Φ, such that the action can be rewritten in terms of single trace
operators
S = 12
∫
d3x
√
g
[
(∇~Φ)2 +
(
1
8R+ λσ + λµ˜
)
~Φ2 − Nλµ˜
2
2
]
. (2.32)
Integrating out the ~Φ field one obtains
Zcrit[σ] = e
Nλ
2
∫
dΩ3σ2
∫
Dµ2 exp
[
N
∫
dΩ3
(
µ4
2λ − σµ
2
)]
Zmin[µ2] , (2.33)
where µ2 ≡ λσ + λµ˜. The equivalence with Eq.(2.27) shows that both models
are indeed related by a Fourier type transformation. The first factor on the r.h.s.
in (2.33) is local. As we discussed this is canceled by the contribution to the
action integral along the second, vertical part of the saddle point contour. At
large N one can evaluate the integral (2.33) in the saddle point approximation.
Using (1.58) the saddle point equation reads
16pir2µ2
rλ
+ 16pirσ =
√
1− 4r2µ2 cot
(pi
2
√
1− 4r2µ2
)
. (2.34)
In the large rλ regime the first term vanishes and the saddle point equation can
be solved analytically. For small dimensionless deformations rσ  1 eq.(2.34)
implies that r2µ2  1, which then yields
logZcrit[σ] ∼ −N8
[
log 4− 3ζ(3)
pi2
]
−Npi2r2σ2 +O(r3σ3). (2.35)
On the other hand, the amplitude of ΨT in the field basis in this regime is given
by (cf. (2.10))
logA[α˜] = − 3pi2H2 +
3piα˜2
16H2 +O(α˜
4), (2.36)
where we used that C = 1/(2iH) for m2 = 2H2 and χ = α˜/(2Hb). Since
N ∼ H−2 and σ ∼ α = iα˜ we again find qualitative agreement between the
bulk and boundary calculations.
2.8 Discussion
We have shown that the complex structure of the bulk saddle points specifying
the semiclassical tunneling wave function in cosmology allows one to use
Euclidean AdS/CFT to derive a dual formulation of ΨT . In this, the relative
probabilities of asymptotically locally de Sitter configurations in the tunneling
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state are given in terms of the partition function of AdS/CFT duals defined on
the conformal boundary and deformed by certain relevant operators.
Our derivation applies to general, inhomogeneous boundary configurations. It
is therefore legitimate and interesting to ask whether the holographic form
of ΨT predicts fluctuations away from homogeneity are damped as required
by observation. It is immediately clear from (2.19) that this is not the case,
because the two point functions of the AdS/CFT dual operators are positive [106].
Hence holography indicates that the tunneling state does not yield a well-defined,
normalisable cosmological measure beyond minisuperspace. Independently of
any application to cosmology our analysis shows that in the WKB approximation,
ΨT and ΨHH can also be viewed as wave functions with asymptotic AdS
boundary conditions. This is because their complex saddle points have a
geometric representation in which their interior geometry is locally AdS. The
tunneling wave function corresponds to the usual growing wave function in its
AdS domain that features in AdS/CFT applications. By contrast the Hartle-
Hawking wave function is a decaying wave function in its AdS domain. At
the semiclassical level the probability distributions they predict are inversely
related to each other. Indeed in [110] the Hartle-Hawking measure involves the
inverse of the AdS/CFT dual partition function. But this simple symmetry is
unlikely to hold beyond tree level; there is no reason why the loop corrections
to both wave functions should be inversely related to each other. Instead one
would expect that a complete dS/CFT framework for Einstein gravity that
is rooted in Euclidean AdS/CFT will require a direct understanding of the
decaying branch of the bulk wave function in AdS/CFT. Having said this,
a somewhat similar inverse relation shows up in the higher spin realisation
of dS/CFT, where the partition function of the Sp(N) model as a function
of certain deformations (often) is the inverse of the original O(N) partition
function. Yet recent calculations of finite N partition functions in this context
do not conclusively settle whether the field theory describes ΨHH , ΨT or yet
another state. In fact they hint at the possibility that different choices of
boundary conditions on the fermions in the dual may provide the freedom
needed to model different bulk wave functions. Our results clarify at least the
bulk side of this question.

Chapter 3
Two Wave Functions and
dS/CFT on S1 × S2
3.1 Introduction
Current models of the wave function of the universe such as Vilenkin’s tunneling
state [56, 57] or the Hartle-Hawking wave function [58] successfully predict
that our classical universe emerged in an early period of inflation. In their
present form however they are based on a weighting of four-geometries that is
difficult to define beyond the semiclassical leading order in ~ approximation. It
is an important goal of quantum gravity to obtain a precise formulation of the
quantum state that can be used to reliably calculate the probability measure
beyond the saddle point approximation.
Results of Anninos et al. [85, 97], showed that Vasiliev’s theory of higher spin
gravity in four-dimensional de Sitter space exhibit several divergences. Evidently
it is important to understand what this means and whether these divergences
also occur in other theories of gravity in asymptotic de Sitter space1. If so this
potentially undermines the very notion of a wave function of the universe in
quantum gravity. To elucidate these questions we perform a careful analysis of
both the tunneling and the Hartle-Hawking wave function on S1×S2 boundaries
in Einstein gravity2. In [85] a similar divergence was found in the small S1 limit
both in a bulk calculation in Einstein gravity and in a boundary calculation
1At least some of the divergences discussed in the context of Vasiliev gravity appear to be
present also in Einstein gravity[85, 116, 86].
2See e.g. [117] for early work on the Hartle-Hawking wave function on S1 × S2.
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in the dual to Vasiliev gravity. Here we identify the former divergence in the
tunneling state, but we find that the Hartle-Hawking measure converges at
small S1.
However we then analyse in detail the classical predictions of both wave
functions and show that the divergence in the tunneling state is connected
with the contribution of an unphysical branch of saddle points associated with
negative mass black holes in de Sitter space. There are strong arguments that
configurations describing negative mass black holes must be excluded from
the physical configuration space in quantum gravity in order for the theory
to be well-defined and stable. We show that discarding the corresponding
saddle points branches renders both the tunneling and the Hartle-Hawking
wave function in Einstein gravity on S1 × S2 well-behaved. Whether this is the
correct approach in Vasiliev gravity, which may or may not be stable, remains
to be seen.
The outline of this chapter is as follows: In Section 3.2 we compute the tunneling
wave function on S1 × S2 in the large overall volume limit, as a function of
the relative size of S1 and S2. We rediscover the divergence in the small S1
limit discussed in [85, 86]. In Section 3.3 we compute the Hartle-Hawking
wave function on S1 × S2 and find it converges at small S1. In Section 3.4 we
evaluate the wave functions at finite volume and, in particular, in the classically
forbidden region. We show that classical evolution emerges only at exceedingly
large overall volumes in the small S1 limit. In Section 3.5 we derive the classical
predictions of the asymptotic wave functions on S1 × S2. We demonstrate that
the divergence in the tunneling wave function is associated with a branch of
saddle points describing negative mass Schwarzschild-de Sitter black holes. In
Section 3.6 we derive a holographic formulation of the semiclassical Hartle-
Hawking wave function on S1 × S2 and clarify its connection with a Euclidean
AdS wave function.
3.2 Asymptotic Tunneling Wave Function
In quantum cosmology in the semiclassical approximation the state of the
universe is given by a wave function Ψ defined on the superspace of all possible
three-geometries and matter field configurations. All wave functions must satisfy
the operator implementation of the classical Hamiltonian constraint known
as the Wheeler-DeWitt (WDW) equation HΨ = 0, where H is a differential
operator on superspace. To solve the WDW equation one has to specify a set
of boundary conditions on Ψ. This is the analogue in quantum cosmology of
specifying the initial conditions for the universe.
ASYMPTOTIC TUNNELING WAVE FUNCTION 53
Vilenkin has proposed [56, 57] that Ψ consists of outgoing waves only at singular
boundaries of superspace. The physical idea behind this proposal is that the
universe originates in a non-singular quantum tunneling event. Vilenkin’s
tunneling proposal can be implemented as a boundary condition on the WDW
equation. In the semiclassical approximation in which the wave function is
written as a sum of terms of the form
ΨT =
∑
n
Ane
iSnL , (3.1)
the tunneling boundary condition amounts to a positivity condition on the
conserved current Jn = i2Ψ∗T
↔
∇ ΨT = −|An|2∇SnL associated with WDW
evolution.
In a cosmological context, for spherical boundaries and in a minisuperspace
approximation, the semiclassical tunneling wave function predicts an ensemble
of classical, expanding universes with an early period of inflation [56, 57]. Here
we are interested in ΨT on S2 × S1 boundaries in four dimensional Einstein
gravity coupled to a positive cosmological constant Λ. The Lorentzian action of
this model is given by3
SL =
1
16pi
∫
M
d4x
√−g (R− 2Λ) + 18pi
∫
∂M
d3x
√
hK . (3.2)
To find ΨT we evaluate the action on regular solutions with a boundary geometry
of the form4
R2cγijdx
idxj = R2c
((
Θdθ
2pi
)2
+ dΩ22
)
. (3.3)
Hence the minisuperspace of this model is the two-dimensional manifold 0 ≤
Rc ≤ ∞, 0 ≤ Θ ≤ ∞. The four-dimensional ‘saddle point’ solutions that match
onto boundaries of this form are complex generalizations of Schwarzschild – de
Sitter space. They can be written as
ds2 = −ρ2(χ)dλ2 + dχ2 +R2(χ)dΩ22 , (3.4)
where χ is a complex variable that runs from χ0 at the ‘South Pole’ (SP) of
the saddle points, where the geometry closes off, to χc at the boundary where
R(χc) = Rc and ρ(χc) = ρc. To match the periodicity of the S1 at the boundary
(3.3) the variable λ must be periodic with a period λ0 given by
λ0 =
ΘRc√−ρ2c . (3.5)
3We use Planck units where ~ = G = c = 1.
4Our calculations in this Section closely follow [85, 86].
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The equations of motion for the scale factors ρ(χ) and R(χ) are
ρ¨
ρ
R+ R¨+ ρ˙
ρ
R˙+ ΛR = 0
2RR¨+ R˙2 − 1 + ΛR2 = 0
R˙2 + 2 ρ˙
ρ
R˙R− 1 + ΛR2 = 0
where R˙ ≡ ∂χR.
We concentrate on solutions where the S1 shrinks to zero size at the South
Pole, at a nonzero value of the S2 radius R(χ0) = R0. This class of solutions
determines the Θ-dependence of ΨT , which is our main focus in this paper5.
Regularity of the solutions at the SP implies
λ0 = ± 2pii
ρ˙(χ0)
= ± 4piiR01− ΛR20
. (3.6)
The second equality follows from the equations of motion (3.6) which admit a
first integral of the form
ρ2 = R˙2 = 1− ν
R
− Λ3R
2 , (3.7)
where the constant of integration ν = R0 − (Λ/3)R30. Evaluating the action
(3.2) on these solutions yields
SL = −λ012
(
9R0 − ΛR30 − 12Rc + 4ΛR3c
)
. (3.8)
The boundary value Rc is real and positive of course, but R0 is in general
complex. The latter can be used to label the different saddle points. Combining
(3.6) with (3.5) and using (3.7) yields the following quintic equation for R0 in
terms of the argument (Θ, Rc),
− 16pi2R20
(
− 1
R2c
+
R0 − Λ3R30
R3c
+ Λ3
)
= Θ2(1− ΛR20)2 . (3.9)
We discuss the solution of this equation for general values of the argument
(Θ, Rc) in Section 3.4. Here we concentrate on the classical region of superspace
5When the S2 shrinks to zero size regularity at the SP implies that the saddle point is a
quotient of de Sitter space with an amplitude that is independent of Θ. Hence this class of
solutions merely accounts for an overall normalisation factor.
ASYMPTOTIC TUNNELING WAVE FUNCTION 55
IVIII
II I
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-1.5
-1.0
-0.5
0.0
0.5
1.0
1.5
Re@R0D
Im
@R0
D
Figure 3.1: The saddle points can be labeled by the complex value R0 of the
overall scale factor R at the South Pole. They are naturally divided in four
classes corresponding to values R0 in different quadrants of the complex R0-plane.
For each boundary configuration (Rc,Θ) in the classical region of superspace
there is one saddle point in each quadrant that potentially contributes to the
wave function. We show the behavior of R0 as a function of Θ (along the curves
in each quadrant), for a number of values of the overall boundary radius Rc
in the classical region of superspace. As Θ→∞ we have R0 → ±1/
√
Λ, and
Λ = 3 here. In the Rc →∞ limit the four curves lie on the imaginary axis for
Θ ≤ 2pi/√3 and on the circle at radius |R0| = 1/
√
Λ for larger Θ.
Rc  1/
√
Λ. In this region there are four classes of solutions corresponding to
values R0 in different quadrants of the complex R0-plane. For each boundary
configuration (Rc,Θ) there is one saddle point in each quadrant. Figure 3.1
shows the behavior of R0 as a function of Θ in each quadrant, for a number of
values of the overall boundary radius Rc in the classical region of superspace.
In the Rc →∞ limit the four curves tend to curves that run along the imaginary
axis for Θ ≤ 2pi/√3 and along a circle of radius |R0| = 1/
√
Λ for larger values
of Θ. In this limit (3.9) reduces to a quartic equation which can be solved
analytically [85, 86], yielding
R0 = − 2piΘΛ
(
ρc/Rc ±
√
(ρc/Rc)2 +
Θ2
4pi2Λ
)
+O
(
1
Rc
)
. (3.10)
The equations of motion together with the boundary conditions (3.6) at the
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SP imply that ρc/Rc → −i
√
Λ/3 in the large Rc regime if Im[R0] > 0 and
ρc/Rc → +i
√
Λ/3 for saddles with Im[R0] < 0. Hence (3.10) describes the
limiting (large Rc) behaviour of the four classes of solutions shown in Fig. 3.1.
In the large Rc regime eq. (3.5) becomes
λ0 =
Θ√
Λ/3
(
1 + 32ΛR2c
− 3ν2ΛR3c
)
+O
(
1
R4c
)
. (3.11)
Substituting this in the action (3.8) yields
iSL = −i Θ√Λ/3
(
Λ
3R
3
c −
1
2Rc +
1
4R0(1 +
Λ
3R
2
0)
)
+O
(
1
Rc
)
, (3.12)
with R0 given by (3.10). Hence the action obeys the positivity condition on the
conserved current6 in the Lorentzian regime for all four classes of saddle points.
It would therefore seem they all contribute to the tunneling wave function ΨT .
At large overall volume the semiclassical wave function can be elegantly expressed
in terms of a universal phase factor - which accounts for the ‘counterterms’ in
holographic discussions - multiplied by a sum of asymptotically finite ‘regularized’
saddle point actions. From (3.12) we obtain
ΨT [Θ, Rc] ∝ 12e
iSct
(
cosh(I1R)eiSR + cosh(I2R)e−iSR
)
(3.13)
where
iSct(Θ, Rc) = −i Θ√Λ/3
(
Λ
3R
3
c −
1
2Rc
)
, (3.14)
and
iSR(Θ) = −i
((
Θ2 − 4pi2)3/2
9ΛΘ2
)
(3.15)
if Θ > 2pi/
√
3, and iSR = 0 otherwise. The amplitudes in eq. (3.13) are given
by
I1R(Θ) = −I4R(Θ) =
4pi2
9Θ2ΛRe
[(
−1 +
√
1− 3Θ
2
4pi2
)(
3Θ2
2pi − pi + pi
√
1− 3Θ
2
4pi2
)]
I2R(Θ) = −I3R(Θ) =
4pi2
9Θ2ΛRe
[(
1 +
√
1− 3Θ
2
4pi2
)(
−3Θ
2
2pi + pi + pi
√
1− 3Θ
2
4pi2
)]
(3.16)
6See discussion below Eq. (1.17)
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where the superscript on IR in (3.16) corresponds to the label of the quadrant
in Fig 3.1.
For Θ > 2pi/
√
3 we have I1R = I¯2R with imaginary part given by (3.15) and real
part given by
I1R(Θ) = −
(
pi
Λ −
8pi3
9ΛΘ2
)
, (3.17)
which tends to the well known Nariai amplitude −pi/Λ as Θ→∞. Even though
the phase of the wave function is dominated by the universal iSct factor at
large overall volume, we will see in Section 3.5 that the imaginary part of the
regularized actions (3.17) plays a crucial role on the classical predictions of the
wave function.
For Θ 6 2pi/
√
3 the solutions R0 are purely imaginary. The regularized actions
(3.16) are all real in this regime, but there is no obvious relation between I1R
and I2R. Indeed in the Θ→ 0 limit,
I1R → 0 , I2R =
16pi3
9ΛΘ2 →∞ . (3.18)
The second class of solutions gives rise to a diverging amplitude as observed in
[85, 86]. Here we have found that this divergence emerges as a feature of the
tunneling wave function. We return to its interpretation below, but we first
evaluate the Hartle–Hawking wave function on S1 × S2.
3.3 Asymptotic Hartle–Hawking Wave Function
A different proposal for boundary conditions on the Wheeler-de Witt equation is
due to Hartle and Hawking [58] who have suggested, inspired by the Euclidean
construction of the ground state wave function in field theory, that the wave
function of the universe is given in terms of an appropriately defined Euclidean
path integral. In the semiclassical approximation the Hartle–Hawking (HH)
wave function is thus given by
ΨHH(ξ) '
∑
n
e−I
n
E [ξ] (3.19)
where InE is the Euclidean action of a compact, regular - and therefore generally
complex - saddle point solution that matches the real boundary data ξ on its
only boundary. The sum over saddle points is such that the resulting wave
function is real.
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The Euclidean action of the model we consider here reads
IE = − 116pi
∫
M
d4x
√
g (R− 2Λ)− 18pi
∫
∂M
d3x
√
hK . (3.20)
To evaluate the HH wave function on S1 × S2 boundaries (3.3) we consider
Euclidean four-geometries of the form
ds2 = dχ2 + ρ2 (χ) dω2 +R2 (χ) dΩ22 . (3.21)
where, as before, the variable χ goes from χ0 at the SP where the S1 smoothly
caps off and R(χ0) = R0, to χc at the boundary where R(χc) = Rc. In order
for the circle in (3.21) to match the periodicity of the S1 at the boundary (3.3)
we must have
ω0 =
ΘR(χc)
ρ(χc)
. (3.22)
The Euclidean action evaluated on solutions of the form (3.21) is given by
IE =
ω0
12
(
9R0 − ΛR30 − 12Rc + 4ΛR3c
)
. (3.23)
Smoothness at the SP requires ω to be periodic with periodicity
ω(χ0) ≡ ω0 = 2pi
ρ˙(χ0)
= 4piR01− ΛR20
, (3.24)
where the last equality follows from the equations of motion. Combining this
with (3.22) yields again the quintic equation (3.9) for R0 as a function of Rc
and Θ. Hence we obtain the same set of saddle points in the large Rc-limit as
before, specified by the solutions (3.10). Their relative weighting however will
be different as we see below.
It follows from (3.24) that saddle points specified by complex conjugate values of
R0 have complex conjugate ω0. Using (3.22) this means that complex conjugate
R0 go together with complex conjugate values ρ(χc) (since Θ and Rc are real
and positive). Expanding (3.22) for large Rc thus gives
ω0 = ±i Θ√Λ/3
(
1 + 32ΛR2c
− 3ν2ΛR3c
)
+O
(
1
R4c
)
, (3.25)
where the overall plus sign corresponds to saddles with Im[R0] > 0 and vice
versa. Substituting this in the Euclidean action (3.23) yields
IE = ±i Θ√Λ/3
(
Λ
3R
3
c −
1
2Rc +
1
4R0(1 +
Λ
3R
2
0)
)
+O
(
1
Rc
)
, (3.26)
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where the overall plus sign again corresponds to saddle points with Im[R0] > 0.
Summing the contributions of all four saddle points yields the following result
for the semiclassical HH wave function evaluated on S1 × S2,
ΨHH [Θ, Rc] ∝ e−I1R cos[Sct + SR] + e−I2R cos[Sct − SR] (3.27)
where Sct and SR are given by (3.14) and (3.15), and I1R and I2R are given by
(3.16).
The semiclassical HH wave function (3.27) is manifestly real as expected. Its
behaviour in the regime Θ > 2pi/
√
3 follows directly from (3.17). The usual
Nariai limit in which I1R = I2R = −pi/Λ emerges as Θ → ∞. At the critical
value Θ ≡ Θc = 2pi/
√
3 the amplitude of both terms in (3.27) is given by
IR = −pi/(3Λ). At low Θ the HH wave function behaves very differently from
the tunneling wave function (3.13). Whereas ΨT diverges in this limit, the HH
wave function is manifestly well-behaved since I1R → 0 and I2R →∞ as Θ→ 0.
3.4 Wave Functions in the Classically Forbidden
Regime
We now proceed to evaluate ΨT and ΨHH for all values of Rc and in particular
in the classically forbidden region of superspace 0 ≤ Rc ≤ 1/
√
Λ where the
superpotential, (1.8),
U (Rc,Θ) = RcΘ(1− ΛR2c) (3.28)
is positive. This is the regime where the wave functions don’t oscillate - and
hence cannot be interpreted in terms of (an ensemble of) classical histories -
but where they either grow or decay. This is also where the difference between
the boundary conditions on ΨT and ΨHH becomes most manifest.
The semiclassical tunneling wave function is specified by the boundary condition
that the wave function consists of outgoing modes only in the classical region
of superspace Rc  1/
√
Λ. Therefore to evaluate ΨT at finite values of Rc and
in particular in the classically forbidden region we start from its large Rc form
(3.13) and solve (3.9) numerically to find the wave function at smaller values of
Rc.
For each value of Θ this yields four curves R0(Rc) in the complex R0-plane,
corresponding to four families of saddle points. As Rc increases the curves tend
to two pairs of complex conjugate values R0 that define ΨT in the Rc →∞ limit
as discussed above. Fig. 3.2 shows several examples of saddle point trajectories
R0(Rc) in the complex R0-plane, for a number of different values of Θ.
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Figure 3.2: The trajectories in the complex R0-plane that specify the four saddle
points contributing to ΨT as a function of the boundary value Rc, for a number
of different values of Θ. The left panel shows the four solutions R0(Rc) for
three values of Θ, when this is small Θ ≤ 2pi/√3. In this regime R0 tends to a
purely imaginary value as Rc → ∞. The right panel shows R0(Rc) for three
values of Θ when this is large, Θ > 2pi/
√
3. In this case the four curves tend to
a point on the circle |R0| = 1/
√
Λ in the Rc →∞ limit.
As before we can clearly distinguish a low - and a high temperature regime.
If Θ ≤ 2pi√3 the trajectories start out somewhere on the imaginary axis in the
Rc →∞ limit. At a critical boundary radius Rc ∼ 1/
√
Λ each pair of complex
conjugate solutions tends to a real solution7. The latter then becomes a pair of
real solutions as Rc decreases further, with R0 → ±
√
3/Λ and R0 → 0 in the
Rc → 0 limit.
If Θ > 2pi√3 the trajectories start out somewhere on the circle in Fig. 3.1. Other
than this their behaviour is rather similar to the low Θ regime, except that the
branch of solutions with Re[R0] > 0 is specified by complex R0 over the entire
range of radii Rc.
To find ΨT (Rc,Θ) we evaluate the action (3.8) on the above solutions R0(Rc,Θ)
and sum over the different saddle points. As eq. (3.13) shows in the large Rc
regime this yields a superposition of two outgoing waves. Each wave receives
contributions from a set of saddle points with complex conjugate R0.
At the boundary of the classical region - or more precisely, at the critical value
of the boundary radius Rc where the saddle points become real - we use the
7The precise value of Rc at which the transition from complex to real saddle points occurs
slightly depends on Θ and on the branch.
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Figure 3.3: The semiclassical tunneling wave function evaluated on S1 × S2 as
a function of the overall scale factor Rc, for two different (representative) values
of the relative size Θ, i.e. Θ = 1.6 (left) and Θ = 15 (right). As Θ decreases
the amplitude of the asymptotic classical configuration increases.
WKB connection formulae to find the wave function under the barrier. The
latter takes the form [57]
ΨT (Rc,Θ) =
∑
j=1,2
(
Ψj+(Rc,Θ)−
i
2Ψ
j
−(Rc,Θ)
)
. (3.29)
Here the index j labels the individual terms (waves) in (3.13). That is, the
linear combinations in (3.29) are matched, for each j, onto an outgoing wave in
the classical region. The subscript +/− refers to the leading/subleading saddle
point under the barrier. The solutions Ψ± in the classically forbidden region
are approximately real.
We illustrate the resulting behaviour of the tunneling wave function in Fig.3.3
for two representative values of Θ, namely Θ = 1.6 as an example in the high
temperature regime and Θ = 15 as an example at low temperature. One clearly
sees that the oscillatory behaviour characteristic of the classical WKB regime
only emerges at sufficiently large boundary values Rc  1/
√
Λ - well inside the
classical region of superspace. The amplitude of the outgoing wave increases for
decreasing Θ, and diverges for Θ→ 0 as we discussed above. In the classically
forbidden region the wave function grows under the barrier in a way reminiscent
of the tunneling wave function on S3 boundaries in a cosmological context [57].
We now turn to the Hartle–Hawking Wave Function in the classically forbidden
region. A defining feature of ΨHH is the boundary condition that the wave
function decays in the Rc → 0 limit. In the saddle point approximation this
selects the branches of saddle points for which R0 → 0 as Rc → 0. In terms of
the wave function, this selects only the Ψj− WKB components under the barrier.
Therefore to find the Hartle-Hawking wave function at finite nonzero values
of Rc we numerically solve (3.9) and select the branches of solutions which
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Figure 3.4: The trajectories in the complex R0-plane that specify the saddle
points contributing to ΨHH as a function of the boundary value Rc, for a
number of different values of Θ. The left panel shows the solutions R0(Rc)
for three values of Θ in the regime Θ ≤ 2pi/√3 in which R0 tends to a purely
imaginary value as Rc →∞. The right panel shows R0(Rc) for three values of
Θ in the regime Θ > 2pi/
√
3 in which the curves tend to a point on the circle
|R0| = 1/
√
Λ in the Rc →∞ limit.
yield a semiclassical wave function that obeys the above boundary condition
as Rc → 0. As expected from the form of the superpotential (3.28) we find
ΨHH decays under the barrier and oscillates with an approximately constant
amplitude given by (3.27) in the region Rc  1/
√
Λ.
The wave function also depends on Θ. As before we can clearly distinguish
a low - and a high temperature regime. For Θ ≤ 2pi/√3 the Hartle-Hawking
boundary condition selects two saddle point solutions in the small Rc regime
which are specified by real values of R0. At a critical boundary radius Rc
around 1/
√
Λ each real solution splits8 in a pair of saddle points specified by
complex conjugate values of R0. We use the WKB matching conditions at that
point to obtain the wave function at larger values of Rc where we recover the
oscillating wave function (3.27) in the region Rc  1/
√
Λ.
We show the saddle point trajectories R0(Rc) in the complex R0-plane in Fig.
3.4(a), for four values of Θ ≤ 2pi/√3. The trajectories of course tend to two
pairs of complex conjugate points on the imaginary axis as Rc → ∞. In the
Θ → 0 limit the limiting points have |R0| → ∞ for one pair of solutions and
|R0| → 0 for the second pair.
8The exact value of Rc at which this happens depends on Θ and on the branch.
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Figure 3.5: The semiclassical Hartle–Hawking wave function evaluated on S1×S2
as a function of the overall scale factor Rc, for two different (representative)
values of the ‘temperature’ Θ, i.e.Θ = 1.6 (left) and Θ = 15 (right). The
wave function oscillates when Rc  1/
√
Λ where it predicts an ensemble of
Lorentzian, classical Schwarzschild - de Sitter spaces with relative probabilities
given by the amplitude of the wave.
The behaviour of R0(Rc) in the low temperature regime Θ > 2pi√3 is summarised
in Fig. 3.4(b). The trajectories of the branch that starts out at R0 < 0 for
small Rc tend to a point on the |R0| = 1/
√
Λ circle away from the imaginary
axis as Rc →∞. The second pair of solutions has complex R0 for all values of
Rc > 0, except at Rc = 0 and at Rc = 1/
√
Λ when R0 = 1/
√
Λ.
To find ΨHH(Rc,Θ) we evaluate the Euclidean action (3.23) on the above
solutions R0(Rc,Θ) and sum over the different saddle points. The resulting
wave function is shown in Fig. 3.5 for two representative values of Θ, namely
Θ = 1.6 as an example in the high temperature regime and Θ = 15 as an
example at low temperature. One clearly sees that the oscillatory behaviour
characteristic of the classical WKB regime only emerges at sufficiently large
boundary values Rc  1/
√
Λ - well inside the classical region of superspace.
The asymptotic amplitude of ΨHH increases with increasing Θ and tends to
the Nariai amplitude e piΛ in the Θ→∞ limit. For boundary values Rc < 1/
√
Λ
in the classically forbidden region the wave function is given by a sum of
approximately real saddle points. As expected it does not oscillate but generally
exhibits a growing behaviour. A transition region around Rc ∼ 1/
√
Λ connects
both regimes.
3.5 Predictions in the Classical Domain
In the previous sections we saw that ΨT and ΨHH oscillate fast in the large
overall volume region. This is the realm of superspace where we expect both
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wave functions to predict a set of real classical histories that are solutions of
the Lorentzian Einstein equations [64]. In this section we compute this classical
ensemble.
Classical evolution emerges at large Rc because both wave functions take a
WKB form (more specifically, a sum of such forms)
Ψ[Θ, Rc] ≈ A(Θ, Rc) exp{±iS(Θ, Rc)/~}, (3.30)
where S varies rapidly over the region and A varies slowly [64]. That is9, each
term satisfies
|∇ΘA/A|  |∇ΘS|, |∇RcA/A|  |∇RcS| (3.31)
with A = exp±InR and S = Sct ± SR.
Under these circumstances the WDW equation implies that S satisfies to a
good approximation the classical Hamilton-Jacobi equation [64]. In a suitable
coarse-graining the only histories that have a significant probability are then the
classical histories corresponding to the integral curves of S. This is analogous
to the prediction of the classical behavior of a particle in a WKB state in
non-relativistic quantum mechanics.
Integral curves are found by integrating the classical relations relating momenta
to derivatives of the action,
pΘ = ∇ΘS, pRc = ∇RcS. (3.32)
The solutions Θ(t) and Rc(t) of (3.32) are curves in superspace that define a
set of classical, Lorentzian histories of the form
ds2 = −dt2 +R2c(t)
((
Θ(t)dθ
2pi
)2
+ dΩ22
)
. (3.33)
The relations between superspace coordinates and momenta (3.32) mean that
to leading order in ~, and at any one time, the classical histories predicted by a
wave function of the universe do not fill classical phase space. Rather, they lie
on a surface within classical phase space of half its dimension.
The relative probabilities of the individual coarse-grained classical histories in
the ensemble are given by A. They are constant along the integral curves as a
consequence of the Wheeler-DeWitt equation (cf [64]). Hence they give the tree
level measure of different possible universes in the classical ensemble predicted
by a particular wave function.
9We assume for now that Θ is not too small and return to the Θ→ 0 limit in Section 3.4.
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The classical predictions of ΨT and ΨHH evaluated on S1 × S2 in the large
Rc limit can be obtained from their asymptotic form (3.27) and (3.13). It
is immediately clear that both wave functions predict the same ensemble of
classical histories, albeit with different relative probabilities10. The asymptotic
classical ensemble comprises two distinct sets of histories. For Θ ≤ 2pi/√3,
where R0 is purely imaginary at large Rc, the saddle points are associated with
classical histories that are simply quotients of de Sitter space. This is because
in this region the phase of both wave functions is given entirely by the universal
factor Sct given by (3.14).
By contrast, if Θ > 2pi/
√
3 then the ‘renormalised’ actions (3.17) contribute a
phase factor ±SR to the wave function given by (3.15). In this regime we have
±∇ΘSR = −12
√
3/ΛRe[ν] , (3.34)
and the integral curves specified by
R˙c =
1√
Λ/3
(
Λ
3Rc −
1
2Rc
+ Re[ν]2R2c
)
Θ˙ = Θ√
Λ/3
(
1
R2c
− 3Re[ν]2R3c
)
.
(3.35)
Eq. (3.35) is nothing but the Lorentzian version of the large Rc expansion of
the first integral (3.7). The asymptotic solutions are
Rˆ(t) ≡ Rc(t) = exp
[√
Λ
3 t
]
+O(1/Rˆ2), Θ = Θ∞ +O(1/Rˆ2) (3.36)
where Θ∞ is a constant of integration that specifies the asymptotic relative size
of S1 and S2. Using the first integral (3.35) and defining an S1 scale factor
ρˆ ≡ ˙ˆR the asymptotic Lorentzian solutions (3.33) with Rˆ and Θ given by (3.36)
can be written as
ds2 = − dRˆ
2
−1 + 2M
Rˆ
+ Λ3 Rˆ2
+
(
−1 + 2M
Rˆ
+ Λ3 Rˆ
2
)
dx2 + Rˆ2dΩ22 , (3.37)
where the mass M is given by
M = 12Re[ν] =
1
2Re[R0 −
Λ
3R
3
0] (3.38)
and we have introduced hats to distinguish the real variable Rˆ that enters in the
classical, Lorentzian histories from the complex variable R that describes the
10The lack of a divergence as Θ→ 0 in ΨHH is just one manifestation of this.
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saddle point geometries. Therefore at low Θ both wave functions predict (two
copies of) an ensemble of Schwarzschild-de Sitter spaces. The black holes have
positive mass M in histories associated with saddle points that have Re[R0] > 0.
By contrast Re[R0] < 0 saddle points correspond to negative mass black holes.
For a quantum gravity theory to be well-defined and stable, configurations like
negative mass black holes should be excluded from the physical configuration
space [118]. In the context we consider here this means the contributions to
the wave function of the corresponding branches of saddle points should be
discarded. This also eliminates the divergence of ΨT in the small Θ limit,
which (cf. eq. (3.18)) is associated with the saddle point branch in the second
quadrant in Fig. 3.1.
Only part of the Lorentzian geometry is directly (geometrically) connected
to the complex saddle points. However one can classically extrapolate the
asymptotic solutions using the Lorentzian Einstein equations to obtain other
parts of the Lorentzian histories, such as the region inside the horizons where
Rˆ behaves as a radial direction and x becomes the time direction. To what
extent a classical extrapolation beyond the horizon is justified will be discussed
elsewhere [119].
Finally let us return to the Θ→ 0 regime. In the Θ→ 0 limit the ratio of the
gradients (3.31) with respect to Θ is given by
|∇ΘIR|/|∇ΘS| ∼ 1/Θ3R3c . (3.39)
This suggests that classical evolution may not be predicted by the wave functions
as Θ → 0, even at large values of Rc. We illustrate this in Figure 3.6 where
we show ΨHH(Rc) for Θ = 0.1. One sees that the classical, oscillatory WKB
behaviour emerges at boundary radii Rc that are much larger than the radii at
which the quantum/classical transition occurs in the wave function evaluated
at the larger values of Θ shown in Fig. 3.5.
It is interesting that neither ΨT nor ΨHH appears to predict classical evolution
in this limit. Moreover this is independent of the inclusion of the divergent
branch in ΨT in this limit. This is because the breakdown of the classicality
conditions as Θ → 0 is not so much due to large variations in the amplitude
but rather to slow variations of the phase.
The fact that the classicality conditions fail in the Θ→ 0 limit need not itself be
an indication of an instability. However in regions of superspace where the wave
function does not predict classical evolution it is difficult to interpret, because
probabilities in quantum cosmology are generally assigned to four-dimensional,
decoherent classical histories only.
We have seen that the real Lorentzian histories are not the same as the complex
saddle points that determine their probabilities. There is however a convenient
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Figure 3.6: Classical evolution only emerges at large boundary radii when Θ is
small.
l
e
Figure 3.7: Contour in the complex χ-plane along which the geometry of saddle
points in the fourth quadrant of Fig. 3.1 consists of a complex, approximately
Euclidean geometry smoothly joined onto a Lorentzian, classical, Schwarzschild-
de Sitter space.
geometric representation of the saddle points in which their connection with
asymptotically classical histories is explicit [64, 110]. This is obtained by
representing the complex solutions ρ(χ) and R(χ) along an appropriate contour
in the complex χ-plane, starting from χ0 at the SP to χc at the boundary. An
example of such a contour for a saddle point in the fourth quadrant of Fig. 3.1
is shown in Fig. 3.7, where we have chosen χ0 = 0 without loss of generality.
Writing χ = x + iy the contour first runs along the real x-axis to a turning
point xT from where it goes vertically. The turning point is chosen so that as
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Q
Figure 3.8: The turning point xT as a function of Θ for saddle points in the 1st
and 4th quadrant of fig. 3.1. From top to bottom Λ = 2, 3, 4. For Θ ≤ 2pi/√3
the turning point is independent of Θ and given by xT = pi/2H with H =
√
Λ/3
as expected.
y →∞,
Re[ρ(y)]→ 0 , Im[R(y)]→ 0 (3.40)
along the contour. A vertical curve of this kind exists in the complex R0-plane
provided R0 is a solution of (3.9). The value of the turning point xT depends
on the boundary data Θ and Λ. This is illustrated in Figure 3.8 where we plot
xT (Θ) for three different values of Λ.
If the conditions (3.40) hold then the complex saddle point geometry (3.21)
smoothly tends to a real, Lorentzian four-geometry along the vertical part of
the contour, of the form
ds2 = −dyˆ2 + ρˆ2dωˆ2 + Rˆ2dΩ22 , (3.41)
where ρˆ(y) ≡ Im[ρ], Rˆ(y) ≡ Re[R] and ωˆ ≡ Im[ω0]. This agrees with the
classical histories obtained from the integral curves of the phase of the saddle
point action. Indeed using the Lorentzian version of the first integral it is
straightforward to write the solution (3.41) in the form (3.37).
3.6 Holographic Wave Functions
In this section we derive a holographic form of both wave functions on S1 × S2
by generalising the results in [110] for the Hartle-Hawking wave function on
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topologically spherical boundaries.
In [110] it was shown that in the large volume limit, the complex saddle points of
the Hartle–Hawking wave function on S3 in cosmological models with a positive
cosmological constant and a positive scalar potential have a representation in
which the geometry consists of a regular Euclidean AdS domain wall that makes
a smooth transition to a Lorentzian, inflationary universe that is asymptotically
de Sitter. In this representation, the complex transition region between AdS
and dS regulates the volume divergences of the AdS action and accounts for
the universal phase factor of the wave function. The approximately Euclidean
AdS region in turn encodes the information about the state and provides the
tree level measure. Specifically the action of all saddle points in this model can
be written as
IE(φ, a) = −IregAdS(φ˜) + iSct(φ, a) +O(1/a) (3.42)
where a and φ are the boundary values of the scale factor and field, and φ˜
is a complex intermediate value in the asymptotic AdS region that is fully
determined by φ [110].
Eq. (3.42) directly leads to a dual formulation of the semiclassical Hartle–
Hawking measure in which ΨHH is given in terms of the partition function on
S3 of (complex) deformations of the same CFTs that occur in AdS/CFT [110].
We now show that this result generalises to the Hartle-Hawking wave function
evaluated on S1 × S2. Further, since the semiclassical tunnelling wave function
involves the same saddle points - albeit weighted differently - a similar derivation
also yields a holographic form of the tunnelling wave function.
The action of a saddle point is an integral of its complex geometry that includes
an integral over time χ. Different complex contours11 for this time integral
yield different geometric representations of the saddle point, without changing
the action. This freedom in the choice of contour gives physical meaning to a
process of analytic continuation — not of the Lorentzian histories themselves —
but of the saddle points that through their action define the probability measure
on the classical ensemble.
The contour we considered in Section 3.4 and shown in Fig. 3.7 was particularly
useful to exhibit a geometric connection between the complex saddle points and
the real, Lorentzian histories. But it is not the only useful representation of
the saddle points. Consider the contour shown in Fig. 3.9, for a solution with
Im[R0] > 0. This has the same endpoints, the same action, and makes the same
predictions. But the geometry is different. The contour can be divided in a part
11This should not be confused with the choice of contours of path integrals that determines
which saddle points to include. We are talking here about different representations of a given
saddle point.
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Figure 3.9: The saddle point representation in which the saddle point geometry
is Euclidean Schwarzschild-AdS along the vertical part (a) of the contour. This
representation serves as a guide in the derivation of a holographic formulation
of the Hartle-Hawking wave function in terms of a field theory defined on the
conformal boundary geometry.
(e) along the horizontal axis from the SP at χ0 = 0 to χe = xa = xT − pi/2,
a part (a) that runs vertically to an intermediate point χa = xa + iya where
R ≡= iRc and a part (h) along the horizontal branch connecting χa to the
endpoint χc = xT + iyc.
The geometry along part (a) is especially interesting. Along this part of the
contour
Im[ρ]→ 0 , Re[R]→ 0 , Re[ω]→ 0. (3.43)
Hence for sufficiently large ya the saddle point can be conveniently written in
terms of approximately real variables,
ds2 = −dy2 − ρ2dω˜2 − R˜2dΩ22 (3.44)
where R˜ ≡ −iR and ω˜ = −iω. Using the first integral (3.7) this becomes
ds2 = − dR˜
2
1− 2M˜
R˜
− ΛAdS3 R˜2
−
(
1− 2M˜
R˜
− ΛAdS3 R˜
2
)
dω˜2 − R˜2dΩ22 . (3.45)
This is Euclidean Schwarzschild – AdS with ΛAdS = −Λ and mass
M˜ ≡ − i2ν = −
i
2(R0 +
ΛAdS
3 R
3
0) =
1
2(R˜0 −
ΛAdS
3 R˜
3
0) (3.46)
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with R0 given by (3.10).
Fig. 3.1 shows that the AdS black hole mass is real and positive in the large
volume limit for Θ ≤ 2pi/√3 whereas it is complex for larger Θ. This is expected
since there is a critical temperature Tc =
√
Λ/(2pi) below which there are no
(real!) AdS black holes [120]. Evaluating eq. (3.22) in the large Rc limit shows
that Θ = 2pi/
√
3 precisely corresponds to Tc. The saddle point branch outside
the |R0| = 1/
√
Λ circle in Fig. 3.1 corresponds to the large black holes that are
thermodynamically stable in AdS.
A similar AdS representation can be found for saddle points with Im[R0] < 0.
In this case the vertical part (a) of the contour runs down to negative values of
y. The Schwarzschild-AdS geometry (3.45) of these saddle points can be made
explicit in terms of the radial variable R˜ ≡ iR which is real and positive along
the AdS part of the contour. The black hole mass M˜ = + i2ν which is again
given by the right hand side of (3.46) and positive.
It remains to compute the action along the AdS contour of Fig. 3.9, in the large
volume limit Rc  1/
√
Λ. The total action integrated along the first two legs
of the contour is given by
I
(e)+(a)
E (Θ, R˜c) = −
Θ√
Λ/3
(
ΛAdS
3 R˜
3
c −
1
2 R˜c −
i
4R0(1−
ΛAdS
3 R
2
0)
)
+O
(
1
R˜c
)
(3.47)
As expected the action along (a) exhibits the usual volume divergences in
the R˜c → ∞ limit that are characteristic of the action of asymptotically
AdS spaces. The divergent terms are universal and account for what are
known as the counterterms (3.14) in holographic discussions [66, 121]. The
asymptotically finite contribution to the action along (a) is not universal and
encodes information about the state and the dynamics. It is closely related to
the regularised AdS action which in terms of the natural radial AdS variable R˜
reads
IregAdS(Θ) =
Θ
4
√
Λ/3
R˜0(1 +
ΛAdS
3 R˜
2
0) . (3.48)
Substituting this in (3.47) yields
I
(e)+(a)
E (Θ, R˜c) = −IregAdS(Θ) + Sct(Θ, R˜c) +O
(
1/R˜c
)
, (3.49)
where the counterterms Sct are given by (3.14) evaluated on the boundary
(Θ, R˜c). The action along the horizontal leg of the contour is given by
I
(h)
E (Θ, R˜c, Rc) = −Sct(Θ, R˜c)− iSct(Θ, Rc) . (3.50)
Hence this part of the contour merely regulates the volume divergences and
supplies the universal phase factor of the wave function. Taken together this
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means the saddle point actions in the large volume limit can be written as
IE(Θ, Rc) ≈ −IregAdS(Θ)− iSct(Θ, Rc) . (3.51)
Therefore the requirement that a configuration on the final boundary behaves
classically, with constant IR, automatically regulates the volume divergences
associated with the action of the Euclidean AdS regime of the saddle point. This
implies that the leading order in ~ probabilities of the classical Schwarzschild-de
Sitter histories can be calculated either from the dS representation of the saddle
points or from their representation as Euclidean Schwarzschild-AdS spaces.
Eq. (3.51) provides a natural connection between ΨHH on S1 × S2 boundaries
in pure de Sitter gravity and Euclidean AdS/CFT. The Euclidean AdS/CFT
correspondence relates IregAdS(Θ) in turn to minus the logarithm of the large
N limit of the partition function ZCFT [Θ] of a dual conformal field theory
defined on the conformal boundary γ (cf. eq. (3.3)). This yields a dual
formulation of the semiclassical NBWF – and hence a concrete realization of a
semiclassical dS/CFT duality – in terms of one of the known, unitary dual field
theories familiar from AdS/CFT [110]. In this dual description, the semiclassical
Hartle-Hawking wave function (3.27) is of the form
1
ZCFT (Θ)
cos[Sct(Θ, Rc)] . (3.52)
Hence the argument Θ of the wave function in the large volume limit enters as an
external source in the dual partition function. The dependence of the partition
function on the value of Θ then gives a dual Hartle-Hawking probability measure
on the space of classical asymptotic configurations.
The semiclassical tunnelling wave function (3.13) involves the same complex
saddle points as the HH wave function but weighted differently. Therefore
(3.51) can also be used to put forward a holographic form of ΨT in the large
Rc-regime [94]. Substituting (3.51) in (3.13) yields the following holographic
representation of the growing branch of ΨT ,
ΨT ∼ ZCFT (Θ)eiSct(Θ,Rc). (3.53)
In principle one can use the holographic expressions (3.52) and (3.53) to compare
semiclassical bulk results for the wave functions with the predictions of a dual
boundary theory. At this point explicit boundary calculations with scalar
sources are feasible only for the Sp(N) or O(N) conformal field theories which
are conjectured to be dual to Vasiliev’s higher-spin gravity, respectively in
asymptotic de Sitter space [83] and in AdS [95].
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Nevertheless the partition functions of those models might qualitatively capture
certain aspects of the behaviour of wave functions in Einstein gravity. This was
the approach pursued in [85, 86] in the context of the dS/CFT proposal of [83],
where it was found that the partition function of the Sp(N) model on S1 × S2
exhibits a divergence in the small S1 limit that is of the same form as the
behaviour of ΨT in Einstein gravity, provided the second branch is included12.
The holographic form of the wave functions we derived above differs somewhat
from the dS/CFT proposal [83] used in [85, 86] in that it (again for Vasiliev
gravity) involves the AdS dual O(N) model rather than the Sp(N) model. This
is because we have used the complex analytic structure of the saddle points to
relate the semiclassical wave functions in asymptotic dS to (Euclidean) AdS
rather than taking N → −N in the dual to ‘continue’ from AdS to dS. However
the net result at this level of comparison is the same. Indeed the partition
function of the bosonic O(N) vector model at large temperature is [101]
logZCFT = 4ζ(3)N/Θ2 . (3.54)
Substituting this in (3.53) one sees this qualitatively reproduces the behaviour
(3.18) of ΨT along the divergent branch in the small S1 limit.
It follows from (3.52) that the dual partition function (3.54) also qualitatively
reproduces the behaviour of ΨHH along the same branch. In the Hartle-Hawking
state however this is a subleading branch of the wave function. It is an important
open problem in holographic cosmology and in holography in general to access
the second branch of bulk wave functions from a dual boundary theory.
3.7 Discussion
We have evaluated the semiclassical tunneling and Hartle-Hawking wave
functions on S1 × S2 in Einstein gravity coupled to a positive cosmological
constant. Over most of superspace there are four branches of complex saddle
points that can contribute to the wave functions. In the classical region of
superspace – at large overall volume – the wave functions predict an ensemble
of real Lorentzian histories. Asymptotically the wave functions are functions
of the relative size of S1 and S2. When the S1 is sufficiently large (relative to
the S2) the real, asymptotic classical histories that correspond to the complex
saddle points are Schwarzschild-de Sitter black holes. Two branches describe
black holes with positive mass whereas the remaining two are associated with
12In [85, 86] the divergence in the Sp(N) model was associated with a divergence of the
Hartle-Hawking wave function in Einstein gravity. However Section 2 of this paper illustrates
that the calculations in [85, 86] actually compute the tunnelling wave function.
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negative mass black holes. The latter branches give rise to a divergence in the
tunneling state at small S1. By contrast the Hartle-Hawking wave function
appears to be well-behaved in this regime. Singularities associated with negative
mass black holes are not expected to be ‘resolved’ in quantum gravity. This is
because the resolution of such singularities would yield regular solutions with
negative energy and thus lead to a theory without a stable ground state [118].
Configurations like negative mass black holes with naked, timelike singularities
should therefore be excluded from the physical configuration space. This is
possible if they lie in a separate ‘superselection’ sector of the theory. In the
quantum cosmological context considered here the most natural way to do this
is to discard the contribution 13 to the wave function of the branches of saddle
points associated with negative mass black holes at large S1. We have shown
this also resolves the problem of the divergence of the tunneling state in Einstein
gravity in the small S1 limit.
Whether this is the correct procedure in Vasiliev gravity remains an open
question, because Vasiliev gravity may not be a stable theory. At present most
of what we know about Vasiliev gravity is based on calculations in the boundary
theory. One might argue that our results in the context of an Einstein gravity
bulk support the interpretation [85, 86] that the divergences indicate Vasiliev
gravity is unstable, because we have shown they are associated with negative
mass black holes in de Sitter space.
13In a holographic calculation of the wave function the analogous restriction amounts to
a choice of (periodic) boundary conditions on the fermions in the dual. This would be the
correct procedure to evaluate the wave function if Vasiliev gravity in de Sitter space were
stable.
Chapter 4
A digression into AdS/CFT
4.1 Introduction
The analysis of the behaviour of field theories on a curved background is very
fruitful and leads to many interesting insights into the structure of quantum field
theory. Deformations away from the flat metric can reveal universal properties
in CFTs itself, but also on the gravity side of the duality. The boundary of AdS
is usually taken to be flat Euclidean space or the round sphere since the two
are related by a conformal transformation. Any geometrical deformation away
from this conformally flat class is related to a new bulk geometry which is a
deformation of AdS.
Another type of deformation of the field theory is provided by the addition of
operators with a given conformal dimension. These are related to scalar field
profiles in the bulk theory. In this chapter we will focus on deformations of
conformal dimension one and on deformations of conformal dimension two. The
standard AdS/CFT dictionary [122, 123] states that a dual field theory in the
presence of one or the other type of deformation are both interpreted as bulk
gravity solution with a non-trivial scalar field profile with mass m2 = −2. This
yields to a bulk partition function that can be written in different basis [94, 81].
The two flavours of the partition function can be viewed as the generalization in
quantum cosmology of the position and momentum space in ordinary quantum
mechanics, and are related by a basis change transformation, [81]. This is seen
in the dual theory as well where, in certain limits the partition function of
the field theory with deformations of conformal dimension one can be related
through a basis change transformation to a field theory deformed by an operator
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of conformal dimension two, [97].
In this chapter we investigate the effects of these type of deformations on
both sides of the duality. We consider CFTs and their holographic duals on a
two-parameter family of squashed three spheres whose metric can be written as
(1.63). In particular we evaluate the partition function of the free O(N) vector
model as a function of the two squashing parameters A and B in (1.63). In the
limit when one of the squashing parameters vanishes we recover the results of
[85].
We analyze the O(N) vector model, which is well-known to be dual to Vasiliev
higher-spin gravity in AdS4 [124, 95, 125]. Here we will not consider higher-spin
gravitational theories directly. Instead we will aim for a qualitative comparison
between the physics of the O(N) model on the squashed sphere in (1.63) and
Einstein gravity with AdS boundary conditions. We first construct new solutions
of general relativity with a negative cosmological constant that are everywhere
regular and have a double squashed sphere of the form (1.63) as their boundary.
Our solutions are generalisations of the well known AdS Taub-NUT and Taub-
Bolt solutions [126, 127], and fall into the type IX Bianchi classification. We
study the thermodynamic properties of these new solutions with the partition
function of the free O(N) model as a function of the two squashing parameters
A and B and as a function of different type of deformations. We find that both
systems exhibit a qualitatively similar behaviour over the entire configuration
space of boundary geometries. On the other hand they differ in specific features
such as the NUT to Bolt transition at large positive values of the squashing
parameters, which is evidently absent in the free dual theory, and a shift of the
local peak of the field theory partition function as sources are turned on.
One of the main interest of this chapter is provided by the background geometry
(1.64). In general the Ricci scalar of a double squashed three sphere of the form
(1.63) is given by
R = 6 + 8A+ 8B + 2AB(6−AB)(1 +A)(1 +B) , (4.1)
which is symmetric in A and B. For B = 0 there is a single region A < −3/4
where R is negative. Adding a second squashing, however, leads to an additional
R < 0 region associated with large positive values of both A and B. This is
illustrated in Figure 4.1.
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Figure 4.1: The shaded blue region is where the Ricci scalar, R, becomes
negative. For one squashing there is only one place where R changes sign,
but away from these points there are for given A or B two regions where R is
negative.
4.2 Scalar Excitations of Squashed AdS Taub-
NUT/Bolt
We consider the real ‘AdS domain’ of the wave function evaluated on squashed
spheres of the form (1.63). In the semiclassical approximation in the bulk this
is specified by four-dimensional solutions of general relativity with a negative
cosmological constant with action
IE = − 116piG
∫
M
d4x
√
g(R− (∇Φ)2 − 2V (Φ))− 18piG
∫
∂M
d3x
√
hK , (4.2)
where h and K are respectively the induced metric on the asymptotic boundary
(1.63) and its extrinsic curvature. For reasons that will become clear below
we consider the consistent truncation of M-theory on AdS4 × S7 consisting of
gravity coupled to a single scalar Φ with potential
V (Φ) = −2− cosh(
√
2Φ) (4.3)
in units where Λ = −3 and hence l2AdS = 1. For Φ = 0 and a single squashing,
i.e. B = 0 in (1.63), the solutions that asymptotically tend to (1.63) are
well-known and can be thought of as generalizations of the asymptotically
flat Taub-NUT and Taub-Bolt solutions [126, 127, 66]. These are two sets of
topological distinct solutions that are asymptotically AdS. The NUT solutions
have a zero-dimensional fixed point set, the NUT, around which the solutions
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are topologically R4. The second set, the Bolt solutions, have a two-dimensional
fixed point set, the Bolt. These solutions are locally R2×S2 in the neighbourhood
of the Bolt.
The metric of solutions that have the same NUT/Bolt topology in the interior
and that asymptote to the squashed sphere (1.63) with two non-vanishing
squashing parameters A and B can be written in the following form,
ds2 = l0(r)2dr2 + l1(r)2σ21 + l2(r)2σ22 + l3(r)2σ23 , (4.4)
together with a radial scalar profile Φ(r).
Plugging this Ansatz into the equations of motion derived from the action
(4.2) one finds a system of non-linear second order differential equations for the
metric functions la(r) and the scalar Φ(r) which are given in Appendix A.2.
Numerical solutions to this system with the scalar set to zero were found in [98].
Here we generalize these by including a scalar excitation and its backreaction
on the geometry.
We start by considering an expansion at large values of r which, employing
holographic terminology, we call UV expansion. The UV expansion is of the
Fefferman-Graham type and the same for both the NUT and Bolt solutions
since in both cases the non-trivial information is encoded in the interior of the
solutions, i.e. in the IR. The leading order terms in the metric for large r are
given by
ds2 = dr2 + e2r
(
A0σ
2
1 +B0σ22 + C0σ23
)
. (4.5)
Notice that we have implemented the gauge l0(r) = 1. The next terms in the
UV expansion of the solutions read
l1(r) = A0er +Ake(1−k)r ,
l2(r) = B0er +Bke(1−k)r ,
l3(r) = C0er + Cke(1−k)r
(4.6)
Φ(r) = α2(A0B0C0)1/3
e−r + β4(A0B0C0)2/3
e−2r +Dke−(2+k)r (4.7)
where the sum over k goes over all positive integers.
We plug the series expansions (4.6)-(4.7) into the Einstein equations and
solve them order by order in powers of er. The results of this procedure are
summarized in Appendix A.2. The important upshot is that the UV expansion
is controlled by seven independent parameters {A0, B0, C0, A3, B3, α, β}. It
turns out that the Einstein equations are invariant under constant shifts of r
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which we use to eliminate one of the parameters, setting A0 = 14 . Comparing
the asymptotic form of the metric with the metric (1.63) on the double squashed
sphere one can find the following relation between the squashing parameters A
and B and the leading order coefficients B0 and C0
A = 14C0
− 1 , B = 14B0 − 1 . (4.8)
The leading coefficients B0, C0 and α specify the asymptotic values of metric
and field. As we discuss in Appendix A.2 the values of the subleading coefficients
(A3, B3 and β) are fixed by imposing regularity conditions (either on a NUT or
a Bolt) in the bulk of the full solution of the nonlinear equations of motion.
In practice we use the IR expansions (cf. (A.8) and (A.11)) as initial conditions
to integrate the equations of motion numerically to the UV. This yields a three-
parameter family of solutions that are controlled by two coefficients specifying
the IR behavior of the scale factors la(r) and by the initial value Φ0 of the
scalar field. There are two distinct classes of solutions. The first class consists
of regular solutions for which the metric functions la(r) grow exponentially,
the scalar field gradually decays and the boundary metric is a sphere with two
non-trivial squashing parameters as in (1.63). A representative example of a
NUT solution of this kind is shown in Fig. 4.2. We also find a class of singular
solutions for which one or more of the metric functions la(r) vanish at some
finite value of r, leading to a curvature singularity. We will ignore the second
class of solutions since they do not contribute to the wave function in the large
three-volume regime.
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Figure 4.2: A typical solution with a NUT in the IR and with a non-trivial
scalar profile in the radial direction, which asymptotes to a double squashed
sphere boundary geometry.
The Bolt solutions only exist for sufficiently large, positive squashings. In this
regime there is often more than one combination of IR parameters that yields
the same values of the leading asymptotic parameters A, B and α.
The regularity condition on the scalar field in the interior yields a relation β(α)
between the coefficients of its UV profile which depends on the squashings and
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encodes information about the scalar potential. The potential (4.3) is special in
the sense that, at least for sufficiently small squashings, β tends to a constant
when α (or equivalently Φ0) is taken larger. This property depends delicately on
the large field regime of the potential. From a dual viewpoint this means there
is a critical deformation β at which the expectation value α of the operator dual
to Φ diverges. This is also a feature of the vector model we have considered
in Section 3.9, and studied in [128], which serves to justify the bulk boundary
comparison we explore there.
Fig. 4.3 shows the relation β(α) for B = 0 and for three different values of the
squashing parameter A. The third panel indicates that the behavior of β(α)
is qualitatively different for sufficiently negative squashings. Specifically, we
find there is a phase transition at A = −3/4, precisely where the Ricci scalar
on the boundary changes sign, such that for A ≤ −3/4 the parameter β no
longer converges. A second solution with α 6= 0 comes into play in this regime
even at β = 0. The new solution is thermodynamically subdominant, as we will
see below, but may nevertheless contribute to certain observables [129, 128].
A similar behavior of β(α) is found in the entire region of configuration space
(A,B) where the Ricci scalar of the boundary geometry is negative (cf. Fig.
4.1). We note also that the relation β(α) associated with the generalized Bolt
solutions, shown in the first panel in Fig. 4.3, is reminiscent of the constant
temperature relation found for black holes with scalar hair in this theory, as
expected [130, 102].
The thermodynamic behavior of our set of solutions can be studied by evaluating
their regularized, Euclidean on-shell action. Since we do not have analytic
solutions we evaluate the regularized on-shell action numerically following the
accurate procedure developed in [98] and summarized in Appendix A.2. In
Section 3.9 we will compare this with the free O(N)-model. To make an accurate
comparison we have to match the conformal dimensions of the deformations on
both sides. Because on the CFT side the conformal dimension of the source
is two, we have to use the alternative quantization of AdS, which means that
we fix β on the boundary in stead of α by applying a Legendre transform [131].
Details of how to obtain this can be found in Appendix A.2. Fig. 4.4 shows the
resulting free energy for a number of representative slices of constant β through
the three-dimensional phase space of solutions. These indicate that the on-shell
action exhibits a maximum at zero squashing and scalar field when the scalar
curvature is positive.
Without a scalar field it was found in [98] that the well known Hawking-Page
type phase transition from the NUT to the Bolt solutions that occurs as one
increases the value of the squashing, qualitatively generalizes to the case of two
squashings. We find this remains true in the presence of a scalar field, except
for the fact that the range of squashings for which the NUT solutions exist
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(a) A = 40.0 (b) A = 0 (c) A = −0.85
(d) A = 40.0 (e) A = 0 (f) A = −0.85
Figure 4.3: On the first line the relation β(α) that characterizes the asymptotic
scalar profile is shown for B = 0 and three different values of the squashing
parameter A. On the second line, the free energy as a function of β for the
same values of the squashing A. The blue curves correspond to NUT solutions,
which exist for all three values of squashings, while the red curves in panel (a)
represent the two branches of Bolt solutions.
gradually shrinks and becomes centered around zero squashing for large values
of Φ0. At the same time the minimum squashing required for Bolt solutions to
exist increases for increasing Φ0, leading to a critical value above which there is
a regime of squashings in which no regular solutions exist.
4.3 A CFT comparison
The study of the holographic dual field theory description of the gravitational
solutions described in the previous two sections is a non-trivial problem. One
approach would be to embed these solutions as backgrounds in M-theory and
to identify a dual CFT. One can for instance think of the NUT/Bolt solutions
as deformations of the AdS4 × S7 solution of eleven-dimensional supergravity.
In this case the dual field theory is the ABJM SCFT and we are faced with
the problem of evaluating the partition function of supersymmetry breaking
deformations of this theory at strong coupling. This is a formidable problem
which we will not attempt to solve here. Instead, we will focus on a simplified
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Figure 4.4: The free energy as a function of the squashing for different values
of the UV deformation parameter β. The blue (red) curves represent the NUT
(Bolt) solutions. In the top row the behavior around zero squashing is shown,
while in the bottom row the transition from NUT to Bolt is highlighted.
(a) β = −1.4
Figure 4.5: The free energy as a function of the squashing for β = −1.4. The
blue line is given by the solutions with NUT boundary conditions. The red
lines are given by the Bolt solutions. The bolt and the nut solutions overlap at
a single point at this critical value of the scalar field.
model of this setup where we consider a vector-like theory on the double-squashed
sphere in (1.63) in the presence of a homogeneous mass deformation.
The O(N) vector models with complex deformations in three dimensions are
conjectured to be described holographically by a higher-spin Vasiliev theory in
AdS4 with certain specific boundary conditions [124, 95, 125]. Through (1.53)
they are also dual at the semiclassical level to Vasiliev theory in dS4 [110, 83].
These higher-spin theories are very different from pure Einstein gravity with a
cosmological constant. Despite this difference it has been found that there are
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many qualitative similarities between the behaviour of the free energy of the
O(N) vector models and the action of Einstein gravity solutions as a function
of squashings and mass deformations [96, 94, 98, 85]. We calculate the partition
function of the free mass deformed O(N) vector model on a double squashed
sphere, the mass deformed free model partition function as
Zfree[m2] =
∫
Dφe−Ifree+
∫
d3x
√
gm2O(x) , (4.9)
where Ifree is the action of the conformal, free O(N) model,
Ifree =
1
2
∫
d3x
√
g
(
∂µφa∂
µφa + Rφaφ
a
8
)
. (4.10)
Here φa are components of an N -component field transforming as a vector
under O(N) rotations and R is the Ricci scalar of the boundary geometry on
which the dual is defined.
Evaluating the Gaussian integral in (4.9) amounts to computing the following
determinant
− logZfree = F = N2 log
(
det
[
−∇2 +m2 + R8
Λ2
])
, (4.11)
where Λ is a cutoff that we will use to regularise the UV divergences in this
theory. For a single squashing the eigenvalues of the operator in (4.11) can be
found in closed analytic form and read [132]
λn,q = n2 +A(n− 1− 2q)2 − 14(1 +A) +m
2 ,
q = 0, 1, . . . , n− 1, n = 1, 2, . . . .
(4.12)
To find the eigenvalues on double squashed spheres we apply the numerical
techniques developed in [132, 98] which enable us to determine the spectrum
numerically to (in principle) any desired accuracy.
To regularise the infinite sum in (4.11) one may be tempted to use an analytic
approach like ζ-function regularisation. However this method is not well-adapted
to situations where the spectrum of the Laplacian is known only numerically.
Therefore we use a heat-kernel type regularisation which can be implemented
numerically and was discussed in detail in [85, 98].
Using a heat-kernel the sum over eigenvalues divides in a UV and an IR part.
The latter converges and can readily be done numerically whereas the former
contains all the divergences and should be treated with care. We regularize
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this numerically by verifying how the sum over high energy modes changes
if we vary the energy cutoff. From a numerical fit we then deduce the non-
divergent part which we add to the sum over the low energy modes to give
the total renormalized free energy. The resulting determinant after heat-kernel
regularisation captures all modes with energies lower than the cutoff Λ. The
contribution of modes with eigenvalues above the cutoff is exponentially small.
For more details on this procedure we refer to our earlier work [98, 99].
In Figure 4.6 we show a two-dimensional slice of the resulting free energy as a
function of the squashing A and a real mass deformation m2. This intermediate
result can be compared with the action of the real asymptotically locally AdS
solutions shown in Figure 4.4.
An important features of this model is that the free energy diverges when
R/8 +m2 becomes zero. This is a generalization to mass deformed theories of
the divergences found in [98]. To understand this we have to inspect the IR
behaviour of the free energy, which is given by a sum over upper incomplete
gamma functions Γ(0, λL,kδ) where λL,k are the eigenvalues and δ. From the
definition of these, one can see that if λ approaches 0 then Γ(0, λL,kδ) diverges.
Since the lowest eigenvalue of the Laplacian ∇2 always vanishes, the first
eigenvalue λ1 of the operator in (4.11) becomes zero when the Ricci scalar
vanishes. This explains the sharp features in the function F (A,B) in Figure
4.6.1 There is no corresponding divergence in the gravitational on-shell action.
We believe that this discrepancy is entirely due to the fact that so far we are
considering a free CFT. Indeed we will see in Chapter 5 the large N analysis of
the free energy of the interacting three-dimensional O(N) vector model that
this divergence in the free energy is removed (see also [96]).
Differentiating the partition function with respect to the source m2 yields the
one-point function of the dual operator O as a function of the deformation m2.
This is shown in the right panel of Figure 4.6 for three different values of a
single squashing A. The gravitational counterpart of this, plotted in Figure
4.3, is remarkably similar. Given the latter depends delicately on the details of
the scalar potential, this provides a strong motivation to choose this particular
potential in our comparison with the boundary theory.
1We should note that there are also “higher order" divergences which are less pronounced.
These happen when any of the higher eigenvalues of the Laplacian cancels R/8 +m2 6= 0 to
give another zero eigenvalue of the operator in (4.11). These divergences always appear in
the regions of the (A,B) plane where the Ricci scalar R in (4.1) is negative.
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Figure 4.6: In all these figures the free energy as a function of the squashing is
given for different mass deformations.
4.4 Discussion
We have evaluated real Euclidean saddle point in Einstein gravity coupled to a
negative cosmological constant, on a (double) squashed sphere, in the presence
of a scalar field profile in a non trivial potential. Our results include a large
class of geometries such as the round sphere, the Taub-NUT/Bolt, and the
generalization with two squashing. This type of geometries is interesting for the
presence of a phase transition at large squashing and the presence of a negative
curvature boundary geometry at small squashing2. The type of potential we
have considered is interesting in the context of AdS cosmologies, [128]. It has
the peculiarity that below a minimum value βmin there are no regular solutions.
Further, it tends to a constant βc when α diverges. Between βmin and βc the
β(α) curve is double valued. The solution with lower α is thermodynamically
dominant.
We found that the Taub-NUT/Bolt phase transition occurs at larger values
2In the double squashed case there is also a negative curvature region at large squashing.
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of the squashing when we apply a scalar deformation. Above a critical value
of β, there is no longer a phase transition, but regular solutions can be found
in some regions of superspace. The free energy is globally peaked around the
sphere and the no-scalar case. The negative curvature region is an unstable
regime, and it highly affect the β(α) curve. In this regime the scalar field profile
diverges in both α and β and the latter changes sign. The divergence occurs in
a thermodynamically sub-dominant branch.
In the O(N) vector model there are some similarities and differences. The
free energy is globally peaked around the round sphere case, but the relative
peak shifts as we apply a mass deformation. The vev as a function of the
mass deformation show a similar behaviour seen in Einstein gravity, with the
important difference that the mass deformation is never double valued. The
negative curvature regime manifests itself leading to a positive, but constant,
mass deformation.
Chapter 5
A Holographic Measure on
Eternal Inflation
5.1 Introduction
Slow roll eternal inflation [20, 22] occurs when the effective potential V is
extremely flat. The condition for eternal inflation is that  ≤ V , where  ≡
V 2,φ/V
2. Since the variance of the wave function of fluctuation modes is of order
∼ V/, evaluated at horizon crossing, this means that quantum fluctuations in
the energy density of the inflaton are large in eternal inflation. Stochastic models
of the evolution of these fluctuations indicate that their backreaction leads to
large amplitudes for universes with exceedingly large and infinite constant
density surfaces [133, 134].
This means the usual theory of inflation based on semiclassical gravity breaks
down in eternal inflation. It is therefore natural to describe eternal inflation
using gauge-gravity duality. In this chapter we study a holographic toy model
of eternal inflation in the no-boundary quantum state [58].
The partition functions ZQFT in (1.53) are complex deformations of Euclidean
AdS/CFT duals. This form of dS/CFT reduces in minisuperspace to
formulations based on analytic continuation [106, 135, 136] and agrees to
leading order with the higher-spin realization [83] where the Sp(N) and O(N)
partition functions are inversely related. It is tempting indeed to view Euclidean
AdS/CFT and dS/CFT as two real domains of a single complexified theory
[137, 108, 109, 79, 138, 139]. In this view any wave function that satisfies the
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Wheeler-DeWitt equation has an AdS and a dS domain. The former involves
at the semiclassical level everywhere real saddle points, whereas the latter is
specified by asymptotically real dS saddle points with a complex Euclidean AdS
interior. We adopt this viewpoint in the remainder of this chapter.
The dual field theory partition function in (1.53) automatically treats bulk
backgrounds and fluctuations in a unified manner. It is therefore ideally suited
to describe eternal inflation where the separation between both breaks down.
A dual description of eternal inflation plausibly involves a weakly coupled
Euclidean field theory defined e.g. on the surface at the threshold of eternal
inflation [103]. In realistic cosmologies this would involve an IR CFT [115]. Here
we consider a simplified cosmology in which the early phase of (eternal) inflation
transitions directly to an asymptotic Λ-dominated regime. This permits us
to study eternal inflation directly in the UV of the dual. In fact many of the
known AdS/CFT duals naturally describe a regime of eternal inflation in the
dS domain of the theory because the Breitenlohner-Freedman stability bound
on scalars in AdS corresponds precisely to the condition  ≤ V in dS.
Equation (1.53) shows that dS/CFT relates the argument of the wave function
of the universe to external sources in the dual partition functions that turn on
deformations of the CFT. The dependence of the partition function on the values
of the sources, which include the background geometry, yields a holographic
measure on the space of asymptotically locally de Sitter universes. General
field theory results imply that the holographic amplitude of the undeformed
CFT on the round S3 is a local maximum with respect to scalar deformations
[140, 93] and deformations of the geometry [99, 141]. Furthermore one expects
the holographic measure strongly suppresses conformal backgrounds far from the
round conformal structure and in particular conformal classes with a metric of
negative scalar curvature. This is because the lowest eigenvalue of the conformal
Laplacian on this background is negative. Hence the partition function of a
weakly coupled CFT likely diverges [71], which would lead to zero amplitude
for such configurations [103].
General holographic considerations therefore immediately lead to a very different
perspective on the global structure of the universe in eternal inflation than
the picture emerging from semiclassical gravity. Indeed Hawking and Hertog
recently argued that the holographic description of eternal inflation provides
evidence against the idea that eternal inflation typically leads to a highly
irregular universe with a mosaic structure of bubble like patches separated by
inflationary domains.
It is the purpose of this chapter to support this intuition with explicit calculations
in a toy model in which the partition function can be evaluated. Specifically,
we compute the partition function of the interacting O(N) vector model on
ANISOTROPIC INFLATIONARY MINISUPERSPACE 89
a two-parameter family of squashed three spheres in the presence of a mass
deformation. The latter turns on a bulk scalar satisfying the conditions for
eternal inflation, and the asymptotic squashings mean we consider the Hartle-
Hawking wave function in a minisuperspace model consisting of anisotropic
cosmologies.
The O(N) vector theory conjectured to be dual to higher-spin Vasiliev gravity
in four dimensions [124, 95, 125, 83]. Higher-spin theories are very different
from pure Einstein gravity. However, ample evidence [96, 85, 98] suggests that
their partition functions sourced by scalar, vector and spin-2 deformations
qualitatively capture the behavior of duals to Einstein gravity with AdS or dS
boundary conditions. Motivated by this we view these vector theories as dual
toy models for eternal inflation in Einstein gravity and aim for a qualitative
understanding only.
The extended minisuperspace model we consider includes histories with constant
density surfaces with negative curvature. These can be viewed as toy models of
bubble like patches thought to be produced in eternal inflation. We compute
the probability distribution over histories in this model, which turns out to
be normalizable and globally peaked at the round three sphere. Moreover the
total probability of negative Ricci scalar boundary surfaces turns out to be
exponentially small. This behavior confirms the general properties discussed
earlier and therefore lends support to the conjecture put forward in [103].
We also compare the holographic measure with the saddle point no-boundary
measure in minisuperspace in an Einstein gravity model of eternal inflation
based on a consistent truncation of M-theory compactified on AdS4 × S7. In
the dS domain these saddle points admit a regime of scalar field driven eternal
inflation in the neighbourhood of the potential minimum and therefore accessible
in the UV. We find the anisotropic cosmologies in this model and numerically
regularize their action in order to evaluate the semiclassical wave function.
5.2 Anisotropic inflationary minisuperspace
In Chapter 4 we considered real, asymptotically locally AdS solutions, with
real radial scalar field profiles. These solutions specify the AdS domain of the
semiclassical Hartle-Hawking wave function. The wave function is real and
exponentially decaying in this domain, and hence does not predict classical,
Lorentzian cosmological evolution.
We now turn to the de Sitter domain of the wave function. At the semiclassical
level this is specified by complex solutions of the same theory, given by the
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action (4.2), that asymptotically tend to real, Lorentzian, locally de Sitter
space. The asymptotically Lorentzian behavior of this set of solutions provides
a large imaginary contribution to their Euclidean action. This means the wave
function in the de Sitter domain describes an ensemble of asymptotically classical,
cosmological histories [64]. In this section we evaluate the wave function in an
anisotropic minisuperspace model with a scalar field using semiclassical bulk
methods. In the next Section we compare our results in this approximation
with a dual field theory computation of the wave function.
Complex saddle points
We consider the same minisuperspace model as before, consisting of squashed
sphere boundary surfaces (1.63) with spatially homogeneous scalar field
configurations. The metric of the interior saddle point solutions can thus
again be written in the form (4.4), but now with complex scale factors la and a
complex scalar field profile Φ.
rSP
y
υ
C′
C
pi/2
τ
Figure 5.1: Two representations in the complex τ -plane of the same no-boundary
saddle point associated with an inflationary universe. Along the horizontal
part of the AdS contour C the geometry is an asymptotically AdS, spherically
symmetric domain wall with a complex scalar field profile. Along the horizontal
branch of the dS contour C′ the saddle point behaves as a Lorentzian, inflationary
universe.
To represent the solutions it is useful to introduce a complex time coordinate
τ(r) defined by
τ(r) ≡
∫ r
0
dr′l0(r′) . (5.1)
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In terms of the variable τ the asymptotically dS domain of the wave function is
to be found along the asymptotically horizontal line τ = t+ ipi/2 in the complex
τ -plane. Along this line the leading order Fefferman - Graham - Starobinsky
expansion of the metric (4.5) becomes
ds2 = dt2 − e2t (A0σ21 +B0σ22 + C0σ23) . (5.2)
Here A0, B0, C0 are real constants specifying the degree of asymptotic anisotropy.
The Lorentzian signature of the asymptotic metric means the original scale
factors li defined in (4.4) are to leading order purely imaginary in the dS
domain. Their subleading behavior can be deduced from an asymptotic analysis
of the equations of motion and is given in Appendix A. We illustrate the
representation of the saddle point solutions in the complex τ -plane in Fig. 5.1.
The semiclassical AdS domain of the wave function is specified by solutions
that are regular in the IR and real along the real τ = r axis. The semiclassical
dS domain, by contrast, involves everywhere regular complex geometries that
tend to asymptotically real, Lorentzian solutions along the τ = t+ ipi/2 line.
The AdS contour shown in Fig. 5.1 provides a geometric representation of these
complex solutions in which their interior geometry consists of a Euclidean AdS
domain wall that makes a smooth (but complex) transition to a Lorentzian
asymptotically dS universe. The signature of the asymptotic metric (5.2) means
that the potential (4.3) in the original Euclidean action (4.2) acts in the dS
regime as a positive effective potential
V dSeff (Φ) = −V = 2 + cosh(
√
2Φ) (5.3)
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Figure 5.2: Left panel:The effective potential in the dS domain that gives
cosmological relevant solutions. Right panel: The effective potential that gives
relevant cosmological solutions in the AdS domain.
The argument of the wave function is real. This means that in order for the
above complex solutions to be valid saddle points specifying the semiclassical
wave function, the scalar field must also become real along the same line in the
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τ -plane. The UV expansion (4.7) shows this requires its leading coefficient α to
be imaginary, which in turn means that the scalar profile is imaginary all along
the AdS part of the contour C shown in Fig. 5.1. The interior region of the
saddle points specifying the Lorentzian dS domain of the wave function thus
involves complex generalizations of Euclidean AdS domain walls. The effective
potential in this AdS domain wall regime is therefore
V AdSeff (Φ˜) = −2− cos(
√
2Φ˜), (5.4)
where Φ˜ ≡ iΦ, and is illustrated in the right panel of Fig. 5.2. This shows that
the asymptotic dS domain of the wave function corresponds to a finite domain
of IR values Φ0 of the scalar field bounded by |Φ0| <
√
2pi/2 ≡ Φc. From
an AdS perspective this is simply a consequence of the shape of the effective
potential governing the inner AdS region of the saddle point solutions. From
a dS perspective this bound signals the boundary of the inflationary regime
of the effective potential (5.3) in the dS domain. The potential (5.3) clearly
admits inflationary solutions near its minimum. For large values of the scalar
field however it is too steep. The IR regularity condition of the Hartle-Hawking
saddle points selects those patches of scalar potentials where the conditions
for inflation hold [64]. The semiclassical wave function has no support outside
these inflationary patches.
To determine for which real boundary conditions in the asymptotic dS domain
regular complex solutions exist we must numerically solve the complex equations
of motion derived from the action (4.2). The regularity conditions on geometry
and field in the IR, either at a NUT or a Bolt, leave three free parameters; two
associated with the IR behavior of the scale factors and one for the complex
value Φ0 of the scalar field. Varying these and numerically integrating the
Einstein equation in the complex τ -plane to the asymptotic dS regime in the
UV yields a three-parameter family of complex solutions whose action specifies
the semiclassical no-boundary wave function in the dS domain. Details of this
procedure are given in Appendix A.2.1 Fig. 5.3 shows a representative example
of a solution with two squashings and the scalar field turned on, along a contour
C along which the solution exhibits an inner Euclidean AdS domain wall region.
The regularity condition on the scalar field in the interior yields a relation β(α)
between the coefficients of its asymptotic profile. We show this for three different
combinations of squashings in the left panel of Fig. 5.4. A characteristic feature
of this model is that β is imaginary over the entire range of parameter space.
The dual interpretation of this suggests that the corresponding cosmological
histories behave only approximately classically in the large volume regime [81].
This may seem surprising but is perhaps related to the fact that the potential
1The same method was already employed in [142] to find anisotropic saddle points of the
no-boundary wave function for a different potential.
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Figure 5.3: A representative example of a complex solution with a NUT in
the interior and a scalar field profile, that is asymptotically locally dS with a
double squashed sphere future spatial boundary. The solution is shown here
along a contour C like the one depicted in Fig. 5.1 consisting of three segments.
The top panels show the evolution of the real and imaginary components of the
scalar field along this contour. The bottom panels show the real and imaginary
components of the three scale factors. The values of the IR parameters are
φ0 = 1/2, β4 = −1/6 and γ4 = −11/60.
(Α)
(Α)
Figure 5.4: The behaviour of β as a function of α (left) and behaviour of α as
a function of φ0 (right). All the curves are for B = 0. The blue curve is for
A = 0, the red for A = −0.85 and the green for A = 40. When φ0 approaches
φc, α starts to diverge.
V dSeff (Φ) describes a regime of eternal inflation and not slow roll inflation. One
might have thought that the boundedness of the range of values Φ0 in the IR
would mean the semiclassical wave function has support over a limited range of
values α in the UV. This is not the case. The right panel of Fig. 5.4 plots α
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as a function of Φ0 for three different combinations of squashings. One sees α
diverges as Φ0 → Φc.
5.2.1 Anisotropic inflationary histories
The Euclidean action (4.2) of the above solutions specifies the semiclassical
no-boundary wave function in the asymptotic dS domain. The complex nature
of the solutions means that in the large three-volume region of superspace the
wave function takes the form
Ψ[a,A,B, χ] ≈ exp{(−IR[a,A,B, χ] + iS[a,A,B, χ])/~}. (5.5)
where a ≡ et is the overall volume scale factor. Here IR[a,A,B, χ] and
−S[a,A,B, χ] are the real and imaginary parts of the Euclidean action IE of
the regular complex saddle point solution that matches the real boundary data
(a,A,B, χ), with (A,B) the squashing parameters and χ ≈ −iα/2a(A0B0C0)1/3.
In the large volume regime the phase factor S varies rapidly compared to IR,
|~∇IR|  |~∇S| . (5.6)
Hence the wave function predicts the boundary configuration evolves classically
[64]. This is analogous to the prediction of the classical behavior of a particle in
a WKB state in non-relativistic quantum mechanics. Thus the NBWF in the dS
domain predicts an ensemble of classical, asymptotically locally de Sitter histories
that are the integral curves of S in superspace, with relative probabilities that
are proportional to exp[−2IR(A,B, χ)]. The latter are conserved under scale
factor evolution as a consequence of the Wheeler-DeWitt equation [64].
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Figure 5.5: Left panel: An asymptotically classical history that is initially
classically singular, for Φ0 = 0.5, A = 2.3 and B = 0. Right panel: An
asymptotically classical history with a bounce in the semiclassical domain, for
Φ0 = 0.5, A = 0.16 and B = 0.
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The classical ensemble consists of a three-parameter family of inflationary
histories that are asymptotically dS and have a certain degree of anisotropy,
parameterized by (A,B) on the future boundary. The histories in this model do
not exhibit a phase of reheating and slowing expansion. Instead they transition
from a phase of scalar field driven inflation to a phase of accelerated expansion
driven by the cosmological constant. The potential is such that the scalar field
inflation is of the type of slow roll eternal inflation. Hence if one were to include
inhomogeneous fluctuations, one would find that the wave function became
broadly distributed, predicting an ensemble of histories with exceedingly large
or even infinite constant scalar density surfaces [133, 134].
Within the minisuperspace model the classical extrapolation of the histories
backwards in time is justified as long as the classicality conditions (5.6) hold.
We find two distinct classes of past evolutions. For reasonably small values
(A,B, χ) the classical extrapolation backwards exhibits a de Sitter like bounce to
approximately the same (time reversed) history on the other side. By contrast,
for large values (A,B, χ) the histories are classically past singular. Fig. 5.5
shows a representative example in each class. The classical extrapolations of
all Bolt saddle points, which only exist for large squashings, are past singular.
The range of squashings (A,B) for which the classical histories bounce in the
past decreases for increasing χ. This is in line with our expectations for this
particular scalar potential, which becomes too steep at large Φ to sustain
inflation. We illustrate this in the left panel of Fig. 5.6 where we show the
region in the (A,B) phase space for three different values of χ within which the
classically extrapolated histories bounce.
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Figure 5.6: Left panel: The total probability for a semiclassical bounce as a
function of α. Right panel: The three contours bound the region in the (A,B)
plane for which an approximately classical bounce occurs for (from small to
large) resp. α = 3/4i, α = i/2 and α = 0.
The relative probabilities of the individual histories in the classical ensemble are
fully specified by the regularized action of the interior AdS domain wall regime
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of the saddle points. Specifically in the large three-volume region we have [110]
IR[a,A,B, χ] = −IregAdS [A,B, αf ] (5.7)
where αf ≡ α(χ) is defined in the AdS regime of the saddle points (cf. (4.7))
and purely imaginary for real boundary values χ in the dS domain [110]. To
compute the regularized action one can perform the regularization procedure
numerically as detailed in the Appendix for the real AdS solutions. However
it is more convenient to consider the complex saddle points along a different
contour, indicated with C′ in Fig. 5.1. This yields a geometric representation of
the solutions in which a Euclidean deformed four sphere gradually transitions
to a Lorentzian asymptotically locally de Sitter space. The Lorentzian behavior
of the solution along the second leg of C′ means the real part of the Euclidean
action stabilizes automatically along C′ [64].
Figure 5.7: The probability distribution over anisotropic minisuperspace as a
function of the squashing A and the amount of scalar field inflation parameterized
by iα.
We show a two-dimensional slice P (A,α) of the probability distribution in Fig.
5.7. As expected the distribution is normalizable and peaks at the pure de
Sitter history with a round sphere boundary and zero scalar field. In Fig. 5.8
we show slices of constant α of this distribution P (A) for three different values
of the coefficient α specifying the asymptotic scalar profile. The Bolt solutions
provide the dominant contribution to the probabilities at large squashings A.
This is the dS counterpart of the Hawking-Page like phase transition in the AdS
domain of the wave function. The total probability of histories associated with
Bolt saddle points is small however and decreases for increasing scalar field.
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The probability distribution over the classical ensemble can also be used to
compute the total probability in this model that an asymptotically classical
universe emerges form a regular bounce in the past and therefore lies in the
quasiclassical realm throughout its entire history. This is obtained by integrating
the probability distribution over the domain in the (A,B)-plane shown in the
left of Fig. 5.6. This corresponds, for a given scalar value χ on a constant a
surface, to bouncing histories when classically extrapolated backwards. We plot
the probability Pbounce as a function of α in the right panel of Fig. 5.6, where
we restriced to a single squashing. This shows that the total probability of a
non-singular origin is significant in this model when the scalar field is everywhere
relatively small. However, it sharply decreases outside this regime and vanishes
for histories in the large field regime near the edge of the inflationary regime of
the potential.
A
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(a) P(A) for α = 0
A
A
(b) P(A) for α = i
A
A
(c) P(A) for α = 2i
Figure 5.8: Slices of the probability distributions for B = 0 for three different
values of α. The blue curves show the NUT contributions whereas the dominant
Bolt contribution is given in red.
5.2.2 Classical Lorentzian evolution.
It is interesting to understand the influence of the negative curvature regime on
the classsical Lorentzian evolution. To achieve this we introduce the Lorentzian
boundary variables β± such that, [143, 144, 145],
log l1(tˆ) = β+(tˆ) +
√
3β−(tˆ),
log l2(tˆ) = β+(tˆ)−
√
3β−(tˆ),
log l3(tˆ) = −2β+(tˆ) ,
(5.8)
where tˆ is the time defined on a particular history. The Lorentzian action in
this new boundary squashing parameters shows a "gravitational" potential
V (β+, β−) = 4e−2β+ cosh 2
√
3β− − 2e−8β+ + e4β+
(
1− cosh 4
√
3β−
)
. (5.9)
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Figure 5.9: An example of the Lorentzial evolution of the anisotropy parameters
β+ and β−. As time increase they both decrease to a more isotropic
configuration.
If we look at the Lorentzian evolution of the anisotropy parameters β±, we see
that the evolution of the squashing bounce against the equipotential lines, as
a ball in a billiard. This is the typical behaviour of the mixmaster universe.
Whether they approach a more isotropic or a more squashed configuration
crucially depends on the sign of the potential (5.9). An example of a history
whose evolution is towards a more isotropic configuration is shown in figure 5.9.
In terms of this parametrization the boundary scalar Ricci curvature is 3R ∝
− 12V (β+, β−), [143]. The sign of the boundary Ricci scalar crucially influences
the anisotropic evolution of the Lorentzian histories. When 3R is positive the
potential V (β+, β−) < 0 and the Lorentzian classical universe evolves to a more
isotropic configuration in the future. On the contrary, when 3R is negative the
potential V (β+, β−) > 0 and the Lorentzian classical universe evolve to an even
more anisotropic configuration. In this regime, the squashing parameters A and
B reach the critical value −1 in a finite time.
5.3 A Holographic Measure
In the holographic form (1.53) the NBWF amplitude of configurations on Σf
is specified by the partition function of deformations of Euclidean AdS/CFT
duals. The arguments of the wave function enter as sources in the dual. For
the geometry this means we must evaluate the dual partition function on the
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double-squashed sphere (1.63). The bulk scalar sources a scalar deformation by
an operator O of dimension one with coupling α. This is a relevant operator
which in our dual O(N) vector toy model induces a flow from the free to the
critical O(N) model. The coefficient α is imaginary in the dS domain of the
wave function as discussed above. Hence we are led to evaluate the partition
function, or free energy, of the critical O(N) model as a function of the two
squashing parameters A and B and an imaginary mass deformation α ≡ m˜2.
The deformed, critical O(N) model is obtained from a double trace deformation
f(φ · φ)2/(2N) of the free model with in addition a source ρfm˜2 turned on for
the single trace operator O ≡ (φ · φ). By taking f →∞ the theory flows from
its unstable UV fixed point where the source has dimension one to its critical
fixed point with a source of dimension two [95]. To see this, we consider (4.9)
and we introduce an auxiliary variable m˜2 = m2ρf +
O
ρ . This yields to
Zfree[m2] =
∫
DφDm˜2e−Ifree+N
∫
d3x
√
g[ρfm˜2O− f2O2− 12f (m2−ρfm˜2)2] . (5.10)
which can be written as
Zfree[m2] =
∫
Dm˜2e− N2f
∫
d3x
√
g(m2−ρfm˜2)2Zcrit[m˜2] , (5.11)
with
Zcrit[m˜2] =
∫
Dφe−Ifree+N
∫
d3x
√
g[ρfm˜2O− f2O2] . (5.12)
Inverting (5.11) yields Zcrit as a function of Zfree:
Zcrit[m˜2] = e
Nfρ2
2
∫
d3x
√
gm˜4
∫
Dm2eN
∫
d3x
√
g
(
m4
2f −ρm˜2m2
)
Zfree[m2] . (5.13)
The value of ρ can be determined by comparing two point functions in the bulk
with those in the boundary theory [85]. For the O(N) model this implies ρ = 1,
which agrees with the transformation from critical to free in [97].2
To compute Zcrit(A,B, α) we use the partition function, (4.9), of the free mass
deformed O(N) vector model on a double squashed sphere and then evaluate
(5.13) in a large N saddle point approximation. We substitute our result for
Zfree in (5.13) and evaluate the integral in a large N saddle point approximation
to compute the partition function of the critical model.
The first factor outside the path integral in (5.13) diverges in the large f limit,
which we cancel by adding the appropriate counterterms. The saddle point
2The above calculation can be repeated for the Sp(N) model by putting ρ = −i[85].
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equation then becomes, for homogeneous deformations∫
d3x
√
g
(
m2
f
− m˜2
)
= −∂ logZfree[m
2]
∂m2
, (5.14)
where the first term on the left hand side vanishes for large f . Solving this for
m2 and inserting the result in (5.13) yields Zcrit[m˜2].
Because α is imaginary we also have to plug in an imaginary value for m˜2. The
saddle point equation has infinitely many solutions for a fixed imaginary value
m˜20. There is always one greater than −R/8 and the rest is smaller than this
value. To make sure we include all the relevant solutions, we need to do a
careful study of the m2-plane to determine where the steepest descent contour
for m2 lies. For the single squashed sphere this was already discussed in detail
in [85], in which it was found3 that the relevant steepest-descent contour could
always be deformed to pass through the saddle point that lies to the right of
the point where m2 = −R/8.
To apply this procedure to our model with one squashing, we first calculate ZFree
as a function of (complex) m2 using the numerical techniques described above
and we then numerically invert (5.14) to find the behaviour of the complex
deformation m2 as a function of imaginary m˜2. The relation between these two
deformations is shown in Figure 5.10, where the real and imaginary parts of m2
are plotted as a function of im˜2 for three different values of A. Notice that m2
is restricted to be larger than −R/8, as can be seen from the plot of the real
part of m2 where it is clear that for large im˜2, m2 → −R/8. From the left plot
we also see that the imaginary part of m2 tends to zero whenever im˜2 becomes
large.
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Figure 5.10: The real and imaginary solutions of the saddle point equation (5.14)
are shown for three different values of a single squashing, i.e. A = −0.8 (blue),
A = 0 (red) and A = 2.06 (green). For large im˜2 we have Re(m2)→ −R/8.
3It was also found that for the Sp(N) model the saddle point contour is ill-defined such
that the non-perturbative (in N), critical Sp(N) model does not exist.
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Inserting the saddle point relation m2(m˜2) in (5.13) yields the partition
function Zcrit[A,B, m˜2] which we illustrate in Figure 5.11, where we plot a
two-dimensional slice of the holographic probability distribution in anisotropic
minisuperspace as a function of the mass deformation corresponding to the
asymptotic scalar profile and of one squashing parameter. The distribution
has a global maximum at zero squashing and zero deformation corresponding
to the pure de Sitter history, in agreement with the result based on a bulk
calculation. When the scalar is turned on however, the local maximum shifts
towards positive values of A - a feature which is absent in the bulk result -
which we illustrate in Figure 5.12 where we plot three one-dimensional slices of
the distribution for three different values of m˜2.
As anticipated the sharp features associated with the divergences of the free
energy in the free O(N) model discussed above have disappeared, resulting in a
smooth and normalizable distribution over the entire configuration space. We
should emphasize however that in our calculation of Zcrit starting from Zfree we
have taken in account only the regions of configuration space for which the free
theory is not manifestly unstable. This restriction appears to be born out by
the natural measure on configuration space and selects the region of parameter
space where R/8 ≥ m2. By contrast, the distribution defined by Zcrit extends
over boundary configurations where this inequality does not hold and includes,
in particular, boundary geometries with negative curvature. Remarkably, the
distribution is well defined in this regime of superspace also. In fact it is evident
from Figure 5.11 that the total probability of R < 0 histories is exponentially
small.
5.4 Discussion
Holographic cosmology provides a radically new perspective on eternal inflation.
We have initiated an exploration of its implications in the toy model context
given by the interacting O(N) vector model defined on a two-parameter family
of squashed three spheres and deformed by a mass term. We have evaluated its
partition function as a function of the three asymptotic parameters. Through
dS/CFT this specifies a holographic measure on a minisuperspace of anisotropic
deformations of dS with scalar field matter in the regime of eternal inflation, in
higher-spin gravity. We find that the amplitude is low for conformal boundary
surfaces far from the round conformal structure. This is in line with general
field theory expectations and lends support to the conjecture that the exit from
eternal inflation is reasonably smooth, producing universes that are relatively
regular on the largest scales with globally finite surfaces of constant density.
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Figure 5.11: A two-dimensional slice of the holographic probability distribution
in anisotropic minisuperspace as a function of the mass deformation m˜2
corresponding to the asymptotic scalar profile and one squashing A that
parameterizes the amount of asymptotic anisotropy.
0 5 10 15 20 25 30
A
0.5
1.0
1.5
2.0
1
Z 2
(a) m˜2 = 0.0
0 10 20 30 40
A
0.02
0.04
0.06
0.08
0.10
0.12
1
Z 2
(b) m˜2 = 0.05i
0 10 20 30 40
A
0.002
0.004
0.006
0.008
1
Z 2
(c) m˜2 = 0.1i
Figure 5.12: Three one-dimensional slices of the probability distribution in
anisotropic minisuperspace for three different values of m˜2. The local maximum
shifts towards larger values of the asymptotic anisotropy in histories with more
scalar field inflation.
A reliable theory of eternal inflation is important to sharpen the predictions of
slow roll inflation. This is because the dynamics of eternal inflation specifies
the prior over the zero modes, or bulk slow roll backgrounds, which in turn
determines the predictions of the precise spectral properties of CMB fluctuations
on observable scales [111]. The generic features of the pattern of fluctuations in
holographic models of inflation were extensively studied [135, 146, 147, 148, 149].
A well-defined measure on eternal inflation will sharpen these predictions by
selecting a specific subset of RG flows or slow roll backgrounds.
Chapter 6
Discussion
6.1 Summary and conclusion
A quantum gravity description of de Sitter space appears to be needed if we want
to understand the intimate nature of our own universe. Holography appears
to be a property of quantum gravity theories and, therefore, it is crucial to
understand how this principle can be incorporated in cosmology. This would
lead to the so called dS/CFT correspondence, which relates the wave function
of the universe to the partition function of a dual field theory defined on the
boundary.
A quantum gravity theory of dS space is affected by several issues, and our
understanding is limited. The theory accommodates multiple definition of
the wave function of the universe and, therefore, different measures. Further,
the existence of two different asymptotic boundaries and the presence of a
cosmological horizon pose conceptual problems that need to be understood.
In addition, there is the problem that we do not know the partition function
of ABJM theory, which is dual to AdS4 solution of Einstein gravity, and can
be used to compute the full cosmological measure. To explore the quantum
version of dS space we proceeded only qualitatively. In this thesis work we
have compared our bulk results with the partition function of the model dual
to Vasiliev higher spin theory of gravity. That is the O(N) vector model in
the presence of different type of complex deformations. Under certain type of
deformations the theory is known to be affected by divergences. We explored
these divergences in the context of Einstein gravity, and we resolved them in
the sense that we have found they correspond to a non-classical behaviour of
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the wave function.
In this research work we have explored all these issues. In Chapter 2 we
have found the holographic form of the Tunneling wave function, and we have
compared it with certain relevant small perturbations of the O(N) vector
model. In this chapter we have found that the growing behaviour of the
partition function in AdS familiar from Euclidean AdS/CFT is equivalent to
the amplitude of the Tunneling wave function in cosmology. The way the
Tunneling wave function is defined, naturally selects boundary observables only
at future infinity. In contrast the no-boundary wave function have access to
both boundaries (past and future infinity). This can already be seen in the
semiclassical form of the two wave functions, (1.22) and (1.42). The modes,
and thus the expanding or contracting phases of the universe are encoded in
the phases of the wave functions, and thus do not have any influence on their
holographic probabilities.
In Chapter 3 we have analyzed the behaviour of the divergence found in the U(N)
vector model. We have shown that, in Einstein gravity, a similar divergence
appears in the presence of saddle points predicting Lorentzian histories that are
Schwarzschild de Sitter black hole with negative mass. The diverging behaviour
corresponds to a vanishing probability measure of the Hartle-Hawking state,
and to an un-physical diverging probability measure for the Tunneling state.
This divergence occurs in a configuration where the classicality condition is not
satisfied, so that the solutions do not predict any classical Lorentzian history.
Configurations like negative mass black holes should be excluded from the
physical configuration space, and we should discard their contribution to the
full measure.
The Sp(N) vector model is known to diverge at negative mass deformations.
Further, if we deform the round S3 sphere along two independent directions,
we can explore a regime with negative boundary curvature. We have explored
these types of deformations in chapter 4 in the context of standard AdS/CFT
correspondence, and in chapter 5 in the context of cosmology. We showed
that in Einstein gravity a divergence similar to the one observed in the Sp(N)
vector model, appears in saddle point solutions predicting tachyonic scalar field
profile on the future boundary. These saddle points do not predict any classical
behaviour of the wave function. Our results of chapter 4, are a generalization of
the AdS-Taub NUT/Bolt deformed by a second squashing and in the presence of
non-trivial scalar field profile. We showed that the NUT/Bolt phase transition
do not occur for sufficiently large scalar deformations. This phase transition
cannot be seen in Vasiliev theory, nevertheless this provides an important tool to
explore a quantum description of dS space, at least qualitatively. The results of
chapter 5 are relevant in cosmology. We have analyzed the Lorentzian histories
that are of a mixmaster universe. Depending on the boundary values of the
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squashing and of the scalar field the histories might bounce or be singular in
the past. We have evaluated the probability measure for these histories and we
have compared it with the partition function of the O(N) vector model in the
presence of a critical complex deformation. In this way we got an holographic
measure of eternal inflation.
In this thesis work we pushed our understanding of the dS/CFT correspondence
a step further. We have analyzed how holography selects either the tunneling
or the no-boundary state. We have explored similarities and the differences
between Einstein and Vasiliev theories. It is tempting to conjecture that a
divergence in the latter can be traced to a wave function, defined in Einstein
gravity, in a non-classical regime. With this comparison in our hands, we have
analyzed the full probability measure for different kinds of inflationary universes.
6.2 Outlook
We have already discussed some possible future work in this direction, in the
discussion of every single chapter. Here we present a more general overview. A
first step can be done once we will a feasible form of the partition function of
ABJM. In this way we will have a concrete way to compute the full cosmological
measure.
One day astrophysicist will be able to refine their observations and provide
more restrictions on cosmological observables. This might exclude one of the
two wave functions proposal. Now that we have a way to compute the full
cosmological measure (at least qualitatively), and that we know how holography
selects either one or the other wave function, we might test the theory against
observations.
The Hartle-Hertog proposal has been shown in the semiclassical approximation
only. A further direction is to explore this correspondence also beyond the
semiclassical level, i.e. by including loop corrections, or by employing different
techniques to evaluate it, [150, 151, 152, 153, 154, 155]. This would push the
Hartle-Hertog proposal a step further.
Another insight is to explore the nature of the two boundaries of dS space.
In recent years, the so called ER=EPR conjecture [156, 157], lead to a better
understanding of the entanglement in field theory, and to a better understanding
of quantum gravity itself. In this new description entanglement in field theory
can be described by a wormhole that connects two observers on different (or
same) boundaries. A future direction is to understand if the ER=EPR conjecture
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can be translated to dS space, to analyze the role of the two boundaries and of
the cosmological horizon in a holographic scenario.
Finally there are still many open questions that might be answered through
holography. We still do not have a microcanonical description of the entropy of
the cosmological horizon. We have not answered yet to the question on what
is the meaning of boundary data that are casually disconnected to a physical
observer covered by an horizon. We do not have a good understanding on how
to incorporate this holographic set-up in a deeper theory, i.e. string theory.
We know that string theory has an infinite spectrum of higher spin massive
fields. If a suitable limit where their masses disappear is explored, one might
hope to recover the same spectrum observed in Vasiliev theory. This is the
so called tensionless limit, and might provide a suitable path to connect our
results with a deeper theory such as string theory. In that case we might have
a stringy description of the dS/CFT correspondence. String theory predicts a
vast number of dS vacua, and the holographic wave function of the universe
might provide a measure to select them.
Appendix A
Appendix
A.1 Basis change.
The wave function can be written in terms of the new asymptotic variables.
The details of this basis change can be found in [81], and here we summarize
the results.
α basis.
ΨHH [γij , α, η] =
∫
dχe
∫
d3xG(γij ,α,hij ,χ,η)ΨHH [hij , χ] , (A.1)
where the generating function is
G(γij , α, hij , χ, η) =
√
γ
κη3
(
1 + η2
(
γijhij +
R(γ)
2
))
−σ2 η
−σα2γ3/2σ + ση−λ+αγλ+/2σ − λ+
√
γ
2η3 χ
2 .
(A.2)
β basis.
ΨHH [γij , β, η] =
∫
dχe
∫
d3xG(γij ,β,hij ,χ,η)ΨHH [hij , χ] , (A.3)
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where the generating function is
G(γij , β, hij , χ, η) =
√
γ
κη3
(
1 + η2
(
γijhij +
R(γ)
2
))
+σ2 η
σβ2γ3/2σ − ση−λ−βγλ−/2σ − λ−
√
γ
2η3 χ
2 .
(A.4)
A.2 Anisotropic Euclidean AdS solutions.
The goal of these appendices is to give the technical details associated with the
physics of gravitational theories that have a squashed sphere boundary. First
we start with the equations of motion and afterwards the UV and IR expansions
of the fields are given. Afterwards we give our method to numerically calculate
this action.
A.2.1 Equations of motion
The equations of motion can be obtained by substituting the metric (4.4) into
the action (4.2) and by varying this respectively with respect to l0, l1, l2, l3
and Φ,
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l0
2l3
2
l1
2l2
2 +
l0
2l2
2
l1
2l3
2 +
l0
2l1
2
l2
2l3
2 −
2l02
l1
2 −
2l02
l2
2 −
2l02
l3
2 + 4l
2
0V (φ) +
4l1′l2′
l1l2
+ 4l1
′l3′
l1l3
+ 4l2
′l3′
l2l3
− 2φ′2 = 0 ,
− 4l0
′l1′
l0l1
− 4l0
′l3′
l0l3
− l0
2l3
2
l1
2l2
2 +
3l02l22
l1
2l3
2 −
l0
2l1
2
l2
2l3
2 −
2l02
l1
2 +
2l02
l2
2 −
2l02
l3
2
+ 4l02V (φ) +
4l1′′
l1
+ 4l1
′l3′
l1l3
+ 4l3
′′
l3
+ 2φ′2 = 0 ,
− 4l0
′l2′
l0l2
− 4l0
′l3′
l0l3
− l0
2l3
2
l1
2l2
2 −
l0
2l2
2
l1
2l3
2 +
3l02l12
l2
2l3
2 +
2l02
l1
2 −
2l02
l2
2 −
2l02
l3
2
+ 4l02V (φ) +
4l2′′
l2
+ 4l2
′l3′
l2l3
+ 4l3
′′
l3
+ 2φ′2 = 0 ,
− 4l0
′l1′
l0l1
− 4l0
′l2′
l0l2
+ 3l0
2l3
2
l1
2l2
2 −
l0
2l2
2
l1
2l3
2 −
l0
2l1
2
l2
2l3
2 −
2l02
l1
2 −
2l02
l2
2 +
2l02
l3
2
+ 4l02V (φ) +
4l1′′
l1
+ 4l1
′l2′
l1l2
+ 4l2
′′
l2
+ 2φ′2 = 0 ,
l0
2 ∂V (φ)
∂φ
+ l0
′φ′
l0
− l1
′φ′
l1
− l2
′φ′
l2
− l3
′φ′
l3
− φ′′ = 0
(A.5)
These equations of motion are valid for both the AdS and dS domain of the
wave function, for this reason the variables are understood to be a function of τ ,
defined in (5.1) and ′ means a derivative with respect to τ . The AdS equations
of motion (discussed in Chapter 3) get retrieved by setting τ = r, and the
Lorentzian dS solutions (discussed in Chapter 4) lie along the line τ = t+ ipi/2.
A.2.2 Solutions
IR NUT
For the NUT solutions we know that around the NUT, denoted here by τ∗, the
metric should look like R4
ds2 = dτ2 + (τ − τ
∗)2
4 (σ
2
1 + σ22 + σ23) . (A.6)
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Therefore we can expand the fields around τ = τ∗ with the following Ansatz
Φ(τ) = Φ0 + Φk(τ − τ∗)k,
l1(τ) =
1
2(τ − τ
∗) + βk+1(τ − τ∗)k+1 ,
l2(τ) =
1
2(τ − τ
∗) + γk+1(τ − τ∗)k+1 ,
l3(τ) =
1
2(τ − τ
∗) + δk+1(τ − τ∗)k+1 , (A.7)
where k runs from 1 to ∞. By plugging in this Ansatz into the equations of
motion (A.5) we get the following leading order terms
l1(τ) =
1
2(τ − τ
∗) + β3(τ − τ∗)3 + 11920
(
− 4V (Φ0)2 − 576V (Φ0)γ3
− 6912γ32 + 144V (Φ0)β3 − 6912γ3β3 + 4608β32
− 3
(
∂V (Φ0)
∂Φ0
)2)
(τ − τ∗)5 +O ((τ − τ∗)7) ,
l2(τ) =
1
2(τ − τ
∗) + γ3(τ − τ∗)3 + 11920
(
− 4V (Φ0)2 + 144V (Φ0)γ3
+ 4608γ32 − 576V (Φ0)β3 − 6912γ3β3 + 6912β32
− 3
(
∂V (Φ0)
∂Φ0
)2)
(τ − τ∗)5 +O ((τ − τ∗)7) ,
l3(τ) =
1
2(τ − τ
∗)−
(
1
12V (Φ0) + β3 + γ3
)
(τ − τ∗)3 + 11920
(
16V (Φ0)2
+ 624V (Φ0)γ3 + 4608γ32 + 624V (Φ0)β3 + 16128γ3β3 + 4608β32
− 3
(
∂V (Φ0)
∂Φ0
)2)
(τ − τ∗)5 +O ((τ − τ∗)7) ,
Φ(τ) = Φ0 +
1
8
∂V (Φ0)
∂Φ0
(τ − τ∗)2 +
(
1
288V (Φ0)
∂V (Φ0)
∂Φ0
+ 1192
∂V (Φ0)
∂Φ0
∂2V (Φ0)
∂Φ20
)
(τ − τ∗)4 +O ((τ − τ∗)6) .
(A.8)
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This expansion is controlled by the three real parameters β3, γ3 and Φ0 which
are ultimately related to the two squashing parameters A and B together with
the coefficients A3 and B3 of the subleading terms and the two free parameters
in the UV expansion of the scalar field α and β, at the asymptotic boundary.
IR Bolt
We can do the same thing for the Bolt solutions. In this case we know that the
metric should look like R2 × S2 around the Bolt position τ∗, that is
ds2 = dτ2 + (τ − τ
∗)2
4 σ
2
1 + β20σ22 + γ20σ23 . (A.9)
Therefore we take the following Ansatz for the expansion of the fields around
τ = τ∗,
Φ(τ) = Φ0 + Φk(τ − τ∗)k, l1(τ) = β0 + βk(τ − τ∗)k ,
l2(τ) = γ0 + γk(τ − τ∗)k , l3(τ) = 12(τ − τ
∗) + δk+1(τ − τ∗)k+1 , (A.10)
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with k going from 1 to ∞. If we solve the equations of motion (A.5) with this
Ansatz, we get
l1(τ) = γ0 +
(
1
4γ0
− V (Φ0)γ04
)
(τ − τ∗)2
−
(
11
192γ03
− V (Φ0)24γ0 + γ4 +
γ0
32
(
∂V (Φ0)
∂Φ0
)2)
(τ − τ∗)4
+O ((τ − τ∗)6) ,
l2(τ) = γ0 +
(
1
4γ0
− V (Φ0)γ04
)
(τ − τ∗)2 + γ4(τ − τ∗)4 +O
(
(τ − τ∗)6) ,
l3(τ) =
1
2(τ − τ
∗)− (τ − τ
∗)3
12γ02
+
(
V (Φ0)2
160 +
53
1920γ04
− V (Φ0)40γ02 −
1
320
(
∂V (Φ0)
∂Φ0
)2)
(τ − τ∗)5
+O ((τ − τ∗)7) ,
Φ(τ) = Φ0 +
1
4
∂V (Φ0)
∂Φ0
(τ − τ∗)2
+ 1192γ20
∂V (Φ0)
∂Φ0
(
−4 + 3γ02(2V (Φ0) + ∂
2V (Φ0)
∂Φ20
)
)
(τ − τ∗)4
+O ((τ − τ∗)6) .
(A.11)
We chose to parametrize this expansion by the three independent real parameters
γ0, γ4 and Φ0 which are again mapped to the squashing parameters A, B and
α, β in the UV. Notice that to get the NUT or Bolt double squashing results
without scalar field we have to put Φ0 = 0 and V (Φ) = Λ in the initial conditions
above, effectively reducing the above expansions and equations of motion to
the ones discussed in [98].
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UV
The asymptotic solutions are the same for both the NUT and the bolt. To find
them, we look at the asymptotic form of the metric
ds2 = dτ2 + e2τ (A0σ21 +B0σ22 + C0σ23) . (A.12)
If we use that the scalar field potential around Φ = 0 behaves as V (Φ) ∼ Λ−Φ2,
we can make the Ansatz of a Fefferman-Graham expansion
Φ(τ) = αe−τ + βe−2τ + . . . , l1(τ) = A0eτ +Ake(1−k)τ ,
l2(τ) = B0eτ +Bke(1−k)τ , l3(τ) = C0eτ + Cke(1−k)τ , (A.13)
where the sum over k goes over all positive integers. The constants are
determined by solving the equations of motion (A.5), order by order, giving the
following consistent series expansion
l1(τ) = A0eτ +
1
16A0B02C02
(
− 5A04 + 2A02B02 + 3B04 + 2A02C02
− 6B02C02 + 3C04 − 2A02B02C02α2
)
e−τ +A3e−2τ +O(e−3τ ) ,
l2(τ) = B0eτ +
1
16A0B02C02
(
3A04 + 2A02B02 − 5B04 − 6A02C02
+ 2B02C02 + 3C04 − 2A02B02C02α2
)
e−τ +B3e−2τ
+O(e−3τ ) ,
l3(τ) = C0eτ +
1
16A0B02C02
(
3A04 − 6A02B02 + 3B04 + 2A02C02 + 2B02C02
− 5C04 − 2A02B02C02α2
)
e−τ −
(
A3C0
A0
− B3C0
B0
− 23C0αβ
)
e−2τ
+O(e−3τ ) ,
Φ(τ) = α2(A0B0C0)1/3
e−τ + β4(A0B0C0)2/3
e−2τ +O(e−3τ ) .
(A.14)
We have performed this expansion up to eight order and have verified that it is
controlled by the seven parameters {A0, B0, C0, A3, B3, α, β}. The coefficients
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α and β appearing in the expansion of Φ are undetermined by the equations
of motion, here we rescaled them to the most convenient convention making
sure it is conform with the literature. Notice that when we are deep into the
dS domain τ = t+ ipi/2, which makes the scale factors imaginary, giving the
Lorentzian metric from (5.2).
Since the equations of motion (A.5) are invariant under constant shifts of the
radial coordinate, one can set A0 = 14 by an appropriate shift of τ . One can
now identify B0 and C0 with the squashing parameters in (1.63) as follows
A = 14C20
− 1 , B = 14B20
− 1 . (A.15)
The parameters A3, B3 and β are independent from the point of view of the
UV expansion but are ultimately fixed in terms of A, B and α by the regularity
conditions that we imposed for the numerical solutions of the full nonlinear
equations of motion.
From IR to UV
It is worth discussing how we constructed the numerical solutions of the full
nonlinear equations of motion in (A.5). Let us start with the AdS-Taub-NUT
solutions. For these we picked real values for the parameters a3, b3 and φ0 in
the IR expansion (A.8). For each such value we then numerically integrated
the equations of motion from r = r∗ to some large value of rc. If the resulting
numerical solution does not exhibit a singularity at an intermediate value of
the radial coordinate r we declared the solution to be regular and read of the
asymptotic parameters B0, C0 and α and β in (A.14) which we then relate to
the squashing parameters A and B using (A.15). As expected we find that
there are no restrictions on the parameters A and B, i.e. as we vary a3 and
b3 for a fixed φ0 we can explore the whole (A,B) plane. If we take a non-zero
value for φ0 we will reach the same conclusion with the only difference that the
region in the (a3, b3) plane that gives valid UV solutions shifts to higher values
of a3 and b3 when φ0 increases as can be seen in Figure A.1.
The procedure we used to construct the AdS-Taub-Bolt solutions is again very
similar. We start with the IR expansion in (A.11), vary the parameters γ0 and
γ4 and integrate numerically the equations of motion. Finally, we read off the
asymptotic parameters B0 and C0 from the behaviour of the numerical solutions
at large r and deduce the corresponding values of A and B using the relation in
(A.15). However, there is an important difference between these solutions and
the AdS-Taub-NUT solutions. For a fixed value of B there are critical values
of A below/above which there are no AdS-Taub-Bolt solutions. This leads
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Figure A.1: Initial conditions for a3 and b3 that give rise to non-singular
solutions. From left to the right we took φ0 = 0, 1, 2.
to curves in the (A,B) plane and the AdS-Taub-Bolt solutions exist only for
values of the squashing parameters that are below or above these critical curves.
Furthermore for every value of (A,B) for which Bolt solutions exist there are
two possible solutions of the equations of motion which we dub “positive” and
“negative” branch. All of these features are extensions of the familiar behaviour
of the analytically known AdS-Taub-Bolt solutions with B = 0 discussed in
[158, 66] and for which more details can be found in [98].
A.2.3 Evaluating the numerical action
A.2.4 Euclidean Action
To evaluate the action, it is easiest to use the on-shell version of (4.2):
IE =− 2pi
∫
dτ l1(τ)l2(τ)l3(τ)V (Φ(τ))
− 2pi
(
l2(τ)l3(τ)l′1(τ) + l1(τ)l3(τ)l′2(τ) + l1(τ)l2(τ)l′3(τ)
)
τ=τc
(A.16)
where τc is the cut-off radius at which we take the boundary ∂M.
It is interesting to focus on the evaluation of the action for our AdS solutions
(thus assuming that τ = r, the radial AdS coordinate). Namely, these lead
to the thermodynamical properties that were discussed in Section 4. As
usual for asymptotically locally AdS space, the value of the on-shell action
diverges, and one needs to implement a regularization procedure. We apply
the usual tools of holographic renormalization which were used for the single
squashed AdS-NUT/Bolt solutions in [66]. This procedure amounts to adding
infinite counterterms to the action in (A.16) that make it finite on-shell. These
counterterms are universal for a given gravitational theory and thus we can
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simply apply the results of [66] to our setup. The counterterms are given by
Sct =
1
8pi
∫
∂M
d3x
√
h
(
2 + R2 +
Φ2
2
)
, (A.17)
where R is the scalar curvature of the boundary metric hij . Evaluating this
counterterm action yields
Sct = pi
2(l12l22 + l22l32 + l12l32) + 2l12l22l32(4 + Φ2)− l14 − l24 − l34
2l1l2l3
.
(A.18)
Substituting our asymptotic expansions of the functions li(τ) and the scalar
field (A.14) gives1
Sct = pi
(
4A0B0C03τ − 14A0B0C0
(
A40 +B40 + C40 − 2B20C20 − 2A20B20
− 2A20C20 + 2(A0B0C0)4/3α2
)
τ − 23αβ +O(
−τ )
)
τ=τc
. (A.19)
The asymptotic form of the original on-shell gravitational action in (A.16) reads
IE = −pi
(
4A0B0C03τ − 14A0B0C0
(
A40 +B40 + C40 − 2B20C20 − 2A20B20
− 2A20C20 + 2(A0B0C0)4/3α2
)
τ +O(1)
)
τ=τc
. (A.20)
As expected the sum
IrenE = IE + Sct , (A.21)
remains finite in the τ = τc →∞ limit and thus this sum can serve as a good
regularized on-shell action.
Since our gravitational solutions are constructed numerically, evaluating the
regularized on-shell action Sren is tricky. The difficulty comes from the fact
that one has to add a large positive and a large negative number and this could
lead to numerical instabilities. To remedy this, we found it useful to employ
the following strategy. From (A.20) we know how the on-shell action diverges
at large values of τ . We can thus evaluate numerically this on-shell action at
large but finite values of r and fit the resulting values to the function
f = De3τc + Ee2τc + Feτc +G+He−τc + Ie−2τc . (A.22)
1Notice that to expand the scalar field, we have to assume that it rolled down its potential
such that the potential is approximated by V (Φ) ≈ Λ− Φ2 + . . ..
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We can then read of the coefficients D, E, and F and use the first three terms
in (A.22) as our numerical counterterm action that should be added to S to
produce a finite result. If there is no scalar field, the value of G is the final
value for the renormalized action.
In the case of the AdS theories we considered we have to do some more work
if there is a non-zero scalar field. Because in the free O(N) model we want
to analyse the deformation by an operator of dimension ∆ = 1, the scheme of
alternate quantization comes into play and we have to evaluate the action in
terms of β. To achieve this we have to perform a Legendre transform by adding
the following term [131, 159]
S− = −
∫
∂M
d3x
√
hΦpiΦ , (A.23)
where piΦ is the canonical momentum of Φ at the boundary
piΦ =
1√
h
δ(IE + Sct)
δΦ = ∂τΦ + Φ . (A.24)
After plugging in the asymptotic expansions in this term, we get
S− = 2piαβ +O(e2τ ) . (A.25)
Thus to get the complete action, we have to add to G the constant parts from
(A.19) and (A.25). The procedure is equivalent to the one discussed in A.1.
As a consistency check of our numerical results we should find that the coefficient
E in (A.22) is approximately 0. We found that this value usual was of the order
of O(10−10), but became bigger, up to order O(10−4), for squashings close to
-1.
To evaluate the dS actions it is sufficient to evaluate the action along the path C′
in the complex τ plane, see Fig. 5.1. Due to the properties of the dS solutions
the real part of the action will tend to a constant along the Lorentzian part of
the contour, while all the divergent terms are encapsulated by the imaginary
part of the action.
A.3 Anisotropic dS solutions.
The method to find the dS-Taub-NUT solutions is very similar to the AdS case,
except that we now have to evaluate the equations of motion along a contour
in the complex τ -plane. Due to the special nature of the potential chosen here
[64, 81], the classical solutions all lie along a horizontal line at τ = ipi/2 + t.
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Figure A.2: Initial conditions for a3 and b3 that give rise to non-singular
solutions. From the left to the right φ0 = 0, 1/2i, 3/4i.
Evaluating the equations of motion along this line for large τ will learn us if
the initial conditions give valid solutions that do not evolve into a singularity.
The initial conditions (β3, γ3) that give valid solutions are just minus the ones
from the AdS solutions without a scalar field. However, when φ0 gets increased,
the initial conditions do not change significantly in this case.
The dS counterpart of the Bolt solutions can be found by making the AdS initial
conditions imaginary. The other properties of the AdS-Bolt solutions carry over
in a straightforward way, e.g. there is only a limited region in parameter space
were these solutions exist, and there is always a positive and negative branch.
From IR to UV
In the double squashed case the initial conditions giving regular asymptotic
solutions, resemble a triangular shape also in this case. The only difference is
that increasing φ0 does not significantly alter the behaviour of the dS initial
conditions. This can be seen in figure A.2, for a choice of φ0 = 0, 1/2i, 3/4i.
The dS counterpart of these Bolt solutions and the numerical calculation of the
action is a straightforward generalization of the discussion of Appendix A.2.
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